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Matrices

B A matrix can be thought of as an array of numbers (a collection of numbers set out in a
table) and they come in different shapes and sizes.

B You can describe these different shapes and sizes in terms of the dimension of the matrix.
This is given by two numbers n and m in the form n > m (read as n by m), where n s the
number of rows (horizontal or across the page) and m is the number of columns (vertical or
down the page) in the matrix.

B  An n X mmatrix has n rows and m columns.

B Matrices are usually denoted in bold print with a capital letter e.g. A, M etc.

Example Solution
Give the dimensions of the following matrices
2 -1
! b(l 0 2,
ﬂ(1 3) { )
: [ 3 2
4
Qg e )
0 -3

You can add and subtract matrices of the same dimension.

Example Solution
nd a (2 1) (719
0 3 5 3
b (1 -3 4)_ (0 2 1)
2 1 1 5 2 3

B To multiply a matrix by a number you simply multiply each element of the matrix by that

number.
Example Solution
1 2
A-u( ) B=(6 0 —4
-1 0, ( )

kind a2A b lB

Multiplying Matrices

B The basic operation consists of multiplying each element in the row of the left hand matrix
by each corresponding element in the column of the right hand matrix and adding the
results together.

B The number of columns in the left hand matrix must equal the number of rows in the right
hand matrix.

B The product will then have the same number of rows as the left hand matrix and the same
number of columns as the right hand matrix.

*Matrices can only be multiplied if the no. of columns of 1% matrix is equal to the no. of rows of the 2.

*Matrices which can be multiplied are said to be conformable.
So if n is from the number of rows in A.
A XB = e kis from the number of columns in B.
Dimensions: (1 X m) X (m X k) (n X Kk) 2

L 1 These numbers must be the same.




Example Solution

- (-1 0 (4 1)
leenthatA—( ) 3JandB (0 _zJﬁnd
a AB

b BA.

*Matrix multiplication is not Commutative i.e. ABZBA

The Identity Matrix

The 2X2 Identity Matrix is |=((1) g)

1 0 0
The 3X3 Identity Matrixisl=[ 0 1 0
0 0 1

Where Al=IA=A *so multiplying a matrix BY | is a bit like multiplying a number by 1.

Inverse of a 2X2

B IfA= (a b) then A=V = — 1 ( d _b) The value of ad — be is called
c d ad—bc\-c a the determinant of A and
1 0 written det(A).
and then AA-'=A'A = (0 ]) =1

— a b i _ = i 1 d —b
[ | A—(c d),det(A)—ad bc so A _det(A)(-—c a)

Notice that if det(A) = 0 you will not be able to find A ! because 1
i det(A)
is not defined, in such cases we say A is singular.

B [f det(A) = 0, then A is a singular matrix and A ' cannot be found.
If det(A) # 0, then A is a non-singular matrix and A Texists.

Transpose

B Given a matrix A, you form the transpose of the matrix A, by interchanging the rows and
the columns of A. You take the first row of A and write it as the first column of A7, you take
the second row of A and write it as the second column of AT, and so0 on.

IfA=|0 -3| thenA"= z 01
11 5 v 8y

B The transpose of a matrix of dimension n X m is a matrix of dimension m x n.

B The transpose of a square matrix is another square matrix with the same dimensions.
For example, the transpose of a 2 X 2 matrix is another 2 x 2 matrix.

B If A = AT, the matrix A is symmetric.



Example
Use an inverse matrix to solve the simultaneous equations
4x—y=1
—2x+ 3y =12

Solution

*UPM p.161 Ex6A Q4,6-10



Transformations

A transformation of a plane takes any point A in the plane and maps it onto one and only one image A’ lying in the

!

x
plane. We say that the point A(x,y) position vector (y) has an image A’(x’,y’) position vector (;,) under the

transformation.

A transformation is said to be ‘linear’ if any linear relationship between position vectors is conserved under the
transformation i.e. if a linear transformation maps a point A position vector a onto its image A’ position vector a’
andif @ = up + aq then @’ = pp’ + aq’ where p'and q’ are the images of p and q.

All linear transformations of the plane can be expressed as a pair of equations of the form:-
x' =ax + by
y =cx+dy

Or writing this in matrix form
GG 26)

Note

1. The transformation matrix can be found by finding the image of ((1)) and (2) because
¢ D= JE-0)
i.e. the image of ((1)) is the first column of the transformation matrix

and the image of ((1)) is the second column of the transformation matrix.

2. Under any linear transformation the origin (0,0) maps to itself.
r
3. Under a translation by the vector (S) the transformation equations are

X' =x+r
y =y+s
i.e. a translation is not a linear transformation.
Note

If asked to find the transformation represented by a matrix, find the image of the unit square under this matrix.

Example
. . — (1 0
Give the geometrical description of the effect of the matrix (2 1).

Solution



Note
To define a shear you must state

e Invariant line and
e Image of some point not on the invariant line

Note
A shear has an invariant line and all points not on the line move parallel to the line.

e The distance gone is proportional to their distance from the line
e Points on the opposite side of the line go in the opposite direction.

Example

Find the matrices corresponding to each of the following linear transformations:-

(a) Rotation of 90° AC about the origin.
(b) Reflection in x-axis.

Solution




Example

A linear transformation T has matrix (2 ) Find

1 1

(a) The image of the point (2,3) under T.
(b) The co-ordinate of the point having an image of (7,2) under T.

Solution

Example
Find the 2X2 matrix which will transform (1,2) to (3,3) and (-1,1) to (-3,3).

Solution




Transformation Matrices

1. If a matrix T transforms some shape ABC to its image A’B’C’, then the inverse matrix T maps A’B’C’ to ABC.
2. If a matrix T corresponds to a certain linear transformation, then det. T gives the scale factor for any change of
area under the transformation
i.e.if T transforms ABC to A’B’C’ and det T=t, then Area A'B'C’ = Area ABC X |t|
Thus any matrix with a determinant of 1 leaves the area of a shape unchanged.
If a matrix is singular i.e. det=0, the shape reduces to a straight line.

Example

Consider the transformation matrix (; i) and show all the images lie on a straight line.

Solution

2 2

3. If a matrix P transforms (x,y) to (x’,y’) and matrix Q transforms (x’,y’) to (x”’,y”’) then the single matrix equivalent
to P followed by Q which will take (x,y) to (x”,y”’) directly, is given by QP.
Proof

II

X
4. If QP is the matrix representing the combined transformation (y) - (;,,) then the inverse of
QP = (QP)"'=pP71Q"

Proof

*UPM p168 Ex6B Q1,3,5-10,13



Further considerations

Invariant points

If a transformation maps some point A(x, ») onto itself, then A is said to be
an invariant point of the transformation.

Example 6
Find any invariant points of the transformations given by

x'=2y -3 X\ _ (2 —-lyx 3
Sy ®(y)=G )6) ()

Solution




Transformation of a line

A linear transformation will map the straight line with vector equation

r = a + Ab onto the straight line with vector equation r = a’ + AV, i.e
any point lying on r = a + Ab will be transformed to a point on the image
liner = a' + Ab".

All paralicl lines will have image lines that are parallel,

Any line that maps onto itself is said to be an invariant line of the
transformation. It is important to realise that any line which is invariant
under a certain transformation need not necessarily be made up of points
that are invariant under the transformation. For example, under a stretch
parallel to the x-axis, the x-axis itself is an invariant line (as indeed is any
line of the form y = ¢). However on the x-axis, only the point (0, 0) is an
invariant point under this transformation.

Example
Find the equations of any lines that pass through the origin and map onto

themseives under the transformation whose matrix is (g :)

Solution

10



Example
All points on the line y = 2x = 3 are transformed by the matrix

(2 l)‘ Find the equation of the image linc.

3 —1
Solutions
Example
All points on the line r = (;) + 1(_:) are transformed by the matrix

(_f :) Find the equation of the image line.

Solution

11



Example
(i)
(i)

Solution

Describe the transformation given by the matrix (i _01) .

The curve 5x2 + y2? — 4xy — 12x + 6y = 0 is transformed by the matrix. Show that the image of
equation of the image curve is given by X?> + Y2 —6X =0

12



Example

(i) The set of points which form a curve whose equation is x? + y2 — 8x + 8y + 2xy = 0 is mapped by the

matrix(_l1 D

Show that the curve formed by the image points has equation Y? + 8X = 0.
Solution

*UPM. Page 176 Ex6C Q1,3,4,5,7,8,10,13,14,17

13



General Reflections and Rotations

1. Rotation about (0,0) through 8 A.C,

2 Reflection in a line through the origin

14



e Any rotation of the x-y plane about the origin can be represented by a matrix of the form
(Z _ab) where a® + b? = 1.
e Any reflection of the x-y plane in a straight line passing through the origin can be represented by a matrix of

the form (Z —ba) where a? + b% = 1.

Example
Find the matrix representing a rotation of 90° A.C. about the point A(3,5).

Solution

15



Example
Find the matrix equation representing an enlargement sf=3 centre (-1,4).

Solution

16



Example
Find the matrix equation representing a reflection in the line y = x + 4.

Solution

17



Inverse of A 3X3 Matrix
Stepl Find the determinant

B You find the determinant of a 3 X 3 matrix by reducing the 3 X 3 determinant to 2 x 2
determinants using the formula

a b f d f d
g h i h i g i g h

Notice that, in the middle expression in this formula, there is a negative sign before the b.

The 2 x 2 determinant associated with the element @ in the first row of the determinant is found
by crossing out the row and column in which a lies.

_>‘e f‘
hoi

The 2 X 2 determinant associated with the element b in the first row of the determinant is found
by crossing out the row and column in which b lies.

e f
h i

N

d f :
g i

g h i

The 2 X 2 determinant associated with the element ¢ in the first row of the determinant is found
by crossing out the row and column in which c lies.

d e
g h

d e
g h

. ‘

B Aswith 2 X 2 matrices, with 3 X 3 matrices,
if det (A) = 0, then A is a singular matrix,
if det (A) # 0, then A is a non-singular matrix,

Example

1 2 7
Find the determinantof{3 -5 2.

1 1 4
Solution

18



Step?2
Form the matrix of the minors of A. In this chapter, the symbol M is used for the

matrix of the minors unless this causes confusion with another matrix in the question.

In forming the matrix of minors M, each of the nine elements of the matrix A is
replaced by its minor.

B The minor of an element of a 3 X 3 matrix is the determinant of the elements which remain
when the row and the column containing the element are crossed out,

Step3
From the matrix of minors, form the matrix of cofactors by changing the signs of
some elements of the matrix of minors according to the rule of alternating signs
illustrated by the pattern

[+ - +
[ N + N
! + - + )
Step4
Write down the transpose of the matrix of cofactors.
Step5
Divide by the determinant.
Example

1 2 7
Find the inverse of A = (3 -5 2).

1 1 4
Solution

*P4 Book page 142 Ex4B Q3, 4 (alternate parts)
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Transformations in 3-Dimensions
In 3D

el
‘e )

1 a
then (0) - (d> i.e. the 1st column of the matrix.

>0 o

a
If the transformation matrix is (d

0 )
0 b
1] -1 e ]i.e.the 2nd column of the matrix.
0 h

0 c
(O) - (f) i.e. the 3rd column of the matrix.
1 i

Example

Find the matrix representing the linear transformation

)~ (2)

Solution

0
1
0

) x

(

0
0
1

)

Example

Find the matrix representing the linear transformation

X X
"(3)-4(:72)
zZ X+ 2z

Solution

*P4 Book page 154 Ex4C Q1,4,5,8
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2 X 2 Linear Equations

If you have 2x2 equations:-
a1 x+biy=c
a,x + by = c,
Then a unique solution for x and y may always be found using the inverse matrix, where this exists ie. When A+ 0.
Singular case
le. When M~ does not exist - |M| is zero
There are 2 case:
1) 3x—2y=1...(1)
6x —4y = —1...(2)
—2\ /X
(2 _i) (y) - (_11)
A=-12+12=0
So no inverse , so no unique solution
Reason:- lines are parallel & hence fail to intersect (gradient of each line is ;) i.e. no solution.
2)3x—-2y=1...(1)
6x—4y=2...(2)
A=-12+12=0
So no inverse, so no unique solution
Reason:- line (2) is line (1)x2 therefore lines are coincident and therefore have an infinity of points in common ie.

e . 3t-1 :
infinite number of solutions (t, tT) where t is a parameter.

Special case

NB. In the case of homogeneous equations

ax+byy=0

ax+b,y=0

(M b1) X\ _ (0

== (az b, (y) - (0)

these equations possess non-trivial solutions i.e. solutions other than x = 0,y = 0 when M1 does not exist ie. A=
0.

Result:- The existence of non-trivial solutions <=> A= 0

21



System of Linear Equations:- 3x3

a1 x +byy+ciz=d,
ax+ b,y +cyz=d,
a3x + b3y + C3Z = d3
These equations can be represented by :-
x dq a by
M <y> =|d, |whereM =(a, b, c;
Z d3 as b3 C3
And equations have unique solutions provided M1 exists ie. |[M| # 0.

These 3 equations represent 3 planes and if the 3 planes meet in a single point, then the co-ordinates of this point
represent a unique solution.

If [M|=0 then there is no unique solution and one of the following happens

Case 1 :- No solutions-planes have no points in common. 3 ways this can happen.

(i) 3 planes parallel
(ii) 2 planes parallel and 3™ plane intersect them
(iii) 3 planes form a prism (1 plane is parallel to the line of intersection of the other 2)

Case 2 :- An infinite number of solutions- 3 planes have a common line(spine of a book), all 3 equations represent
the same plane or 2 of the planes are the same with the other crossing (ie. a common line again)

The geometrical interpretation of these two possibilities is as follows: g

(a) No solutions (i.c. inconsistent equations).
This situation will arise when
1. two or more of the planes are parallel
(but not coincident). In such cases there
is no point common to all three planes.

or 2. each plane is parallel to the line of
intersection of the other two. Again
there will be no point that is common
to all three planes.

(b) An inﬁni!e .numb.er of. solutions. L3
This situation will arise when il
1. all three equations represent the same P i
plane. (i.e. all 3 planes are coincident).

Any point in the plane will provide a
solution to the equation.

or 2. two of the three planes are coincident
and the third plane is not parallel to
these two. The planes will intersect in a
line and any point on the line will
provide a solution.

2 planes
coincident

22



the three planes have a common line
and any point on this line provides a
- solution to the equation.

Example

Solve the equations
2x—3y+4z=1
3x—y=2
x+2y—4z=1

Solution

23



Example

Solve the equations
x—3y—2z=9
x+ 11y +5z=-5
2x +8y+3z=4

Solution

24



Homogeneous Equations

a1 x+by+cz=0
ax+b,y+cz=0

azx +byy+c3z=0

/0)-()

If M # 0 then there exists M1

(]
)
IR

0
) = (0) therefor if M1 exists i.e. [M| # 0 then the solutions are trivial.
0

So in the homogeneous case Non-trivial solution only exist if |[M| = 0.

Example

Find the value of k for which the following equations have a non-trivial solution and find the solution in that case.
x+2y=0

3x+ky—2z=0

2x+5y—2z=0

Solution




*System of Linear Equations question sheet

26



Roots of Polynomials

A quadratic equation of the form ax? + bx + ¢ =0,
x € C, where g, b and c are real constants, can
have two real roots, one repeated (real) root or
two complex roots.

If the roots of this equation are azand 3, you can determine the relationship between the
coefficients of the terms in the quadratic equation and the values of « and

axt+bx+c=alx-a)(x-9)
= a(x® — ax — Bx + af) I Write the quadratic expression in factorised form,

then rearrange into the form ax? + bx + c.
=ax®—ala + B)x + aaf
Sob=-al(a+ f) and c = aaf.
m If o and 3 are roots of the equation
ax?+ bx + ¢=0, then:
s a+f= _b

a
. aﬁ:%

@ The sum of the roots is —é and the product
of the roots |s 7 Note that these values are real
even if the roots are complex, because the sum
or product of a conjugate pair is real.

The roots of the quadratic equation 2x2 — 5x — 4 = 0 are « and 8. Without solving the equation,
find the values of:
aa+f b af é % d o+

Problem-solving

Write each expression in terms of a + #and a/3:
(a+PPR=a?+F+20B =+ F=(+P)°—203

27



Example e

The roots of a quadratic equation ax? + bx + ¢ =0 are a = —% and 3 =

BN

Find integer values for ¢, b and c.

*Exercise 4A

Roots of a cubic equation

A cubic equation of the form ax® + bx? + cx + d =0,
x € C, where g, b, c and d are real constants, will
always have at least one real root. It will also have
either two further real roots, one further repeated
(real) root or two complex roots.

If the roots of this equation are o, 8 and ~, you can determine the relationship between the
coefficients of the terms in the cubic equation and the values of a, §and :
ax’+bx2+ex+d=alx - a)(x - B)(x—7)
= a(x?® — ax? — fx? — yx% + afx + fyx + yax — af7)
=ax? —ala + B + y)x% + alaf + By + ya)x — aafy
Sob=-ala+ B +17),c=al@f+ fvy+~ya) and d = —acf3y.
m If o, 3 and  are roots of the equation ax? + bx? + cx + d = 0, then:

= a+,3+7=—%

. aﬂ+ﬁ’r+'ra=—f;

. aﬂ'r=—%

m As with the rule for quadratic equations,
the sum of the roots is —g, and the sum of the
products of all possible pairs of roots is%

28



a, § and ~ are the roots of the cubic equation 2x> + 3x% — 4x + 2 = 0. Without solving the equation,
find the values of: i
aa+f+y b af+ [y +ya c afy da+-'5+

2]

The roots of a cubic equation ax® + bx> + cx+d=0area=1-2i,3=1+2iand y=2.
Find integer values for «, b, ¢ and d.

*Exercise 4B

29



Roots of a quartic equation

Consider the quartic equation ax* + bx> + ex? + dx+e=0,x € C, where a, b, ¢, d and e are real
numbers. If the roots of the equation are o, 3,y and ¢, you can determine the relationship between
the coefficients of the terms in the equation and the values of a, 8, vand &

axt + bxd + ext + dx + e = alx — a)(x = B)(x — ) (x - 0)
= a(xt — ax® — Bx3 — x3 — 833 + a3x? + Byx? + yax? + yox* + adx?
+ B6x2 - affyx — afdx — arydx — By0x + afy0)
=ax“—a{cx+/8+7+5)x3+a(aﬁ+,6’*y+*ya+'y5+aé+ﬁ§)x3
~alafBy + a 36 + ayd + By8)x + aafyé
Sob=—-ala+F3+7y+9), C=a(a,6'+ﬁ’y+’}'az+’y5+a5+ﬁ5),d=—d(a,€5"y+aﬁ5+a’yc5+ﬁ’)/6} and
e = aa,f~90.
m If o, 3, v and § are roots of the equation ax* + bx3? + cx? +dx + e=0, then:

b
. 4o|¢+;6+-;«+e}=-E

. aﬁ+a~y+a5+ﬁ*y+ﬁ6+75=-§
. aﬁ7+aﬁ¢5+a76+,676=—g

. afyd=1

m You can use the following

abbreviations for these results in your working:

b C d
EO,’=—E Yo =a- Zaﬂ’}f:_a

30



The equation x* + 2x3 + px2 + gx - 60 =0, x € C, p, g € R, has roots o, 3, v and 6.
Given that y= -2 + 4i and § = v*,

a show that a + -2 =0and that 8+ 3 = 0.

b Hence find all the roots of the quartic equation and find the values of pand gq.

*Exercise 4C

31



Expressions relating to the roots of a polynomial

You have already seen several results for finding the values of expressions relating to the roots of a
polynomial.

m The rules for reciprocals:

; 1.1 _a+p

. dratic: e e

Quadratic e 3 b

. 1 1 1_oB+By+qa
Cubic: a+,6+’7— By
i 1.1 1 1 _oBy+Bv+~da+d6af
Quartic: 0‘+ﬁ+’7+6— @B
m The rules for products of powers:

* Quadratic: a’x G" = (o)
* Cubic: ax 3" x y" = (afy)"

* Quarticc a”x " x v x §n = (aB~vo)"
In addition to these you have also used the following results for the roots of quadratic equations:
o a2+ﬂ2=(a+,6')2—2a6
* P+ P=(a+P)’-3ab+fH)
There are equivalent results to these for the roots of cubic and quartic equations.

Example e

a Expand (a + 3 + )2

b A cubic equation has roots @, 3, v such that a3 + By+ya=Tand a+ 8+ v=-3.

Find the value of o2 + 3% + 2,

You can find an expression for the sum of the squares of a quartic equation in a similar way, by
multiplying out (a + 8 + ¥+ 6)2.

m The rules for sums of squares: @ If you learn these
* Quadratic: a2+ 32 =(a+ B)2-2ap you can use them without
- fi !
e Cubic: 042+,32+’7’2=(a+ﬂ+"/)2—2(aﬂ+ﬁy+»-ya) proof in your exam

* Quartic: az+,32+72+62=(a+ﬂ+7+6)2—2(a,3+a'y+a6+ﬂ'y+,36+")/6)

3
m m ' i multiplying out (a+ 3 +7)>.
f a cubic equation by multip
imi |t for the sum of the cubes o
You can find a similar resu

bes
: @ The result for the sum of cu'
e B) for a quartic equation is not required.
i 343 =(a+P)?-3afla+
« Quadraticc a*+[

Cubi a3+,83+fy3=(a+,3+'y)3—3(a+ﬁ+'y)(a,6+,3'y+'ya)+3aﬁfy
 Cubic:

*Exercise 4D

32



Linear transformations of roots

Given the sums and products of the roots of a polynomial, it is possible to find the equation of a
second polynomial whose roots are a linear transformation of the roots of the first.

For example, if the roots of a cubic equation are a, 3 and v,

you need to be able to find the equation
of a polynomial with roots (a + 2),

(6+2)and (y +2), or 3a, 38 and 37.

Example e Problem-solving

. 2 - — 4 =0 has roots a, 3 and . Find the sum Lq, the pair sum
ic equation x* = 2x* + 3x — 4 . s
;!IC dcrli):;:?xations of the polynomials with roots: Saf an d the pr Ofi':) cnt ? fe/n SR
u; 23 and 2y b (a+3),(8+3)and (y+3) the original equation.
a 2a,23an

use these values to find the
equivalent sums and products
for an equation with roots 2¢,
23 and 27.




The quartic equation x* - 3x% 4 15y + ] =
(e +1),28+1), (2y+ 1) and (26 + ).

0 has roots a, 3,y and 6. Find the equation with roots

*Exercise 4E

*Mixed Exercise

34



Summary of key points

1 Ifaand 3 are roots of the equation ax2 + bx + ¢ = 0, then:
s a+f= --g
¢ af= %

2 If @, 8 and « are roots of the equation ax? + bx2 + cx + d = 0, then:
. a+[3+7=2a=—g
* af+fBy+ya=3al=
Giskye

3 Ifa, B, yand é are roots of the equation ax* + bx? + cx? + dx + e = 0, then:

Qn

 atfty+i=Sa=-L

. aﬁ+a'y+a6+ﬂ'y+ﬁ6+'y<5=zaﬁ=§

* afy+afd+ayd + fyd = Safy = -g
 api=t
4 The rules for reciprocals:
; 1.1 sl
* Quadratic: =4 —==
e a’yg af
* Cubic: l+l+l=aﬁ+ﬁ7+7a
g afy
o1 1 1 1 afy+ Py +yéa+daf
* Quarticc —+—=+-4+==
Q &8 NS avf3vo
5 The rules for products of powers:
* Quadratic: a" x 3" = (af)"
* Cubic: " x 3" x " = (afy)"

* Quarticc a”x 8" x 4" x §n = (o)

6 The rules for sums of squares:
* Quadratic; al+# =(a+p)?2-2a8
* Cubic: az+,82+73=(a+;3+7)2—2(a,8+ﬂ7+7a)
* Quarticc a?+ 82 +42+ 62 = (@+B+7+8)%-2(af+ay + ad + By + 36 + +0)

7 The rules for sums of cubes:
* Quadratic  a’+ @B =(a+ 073 - 3aBla+ 93
* Cubic: @+ +y3=(a+ 6+ W =3la+ B+ + By +ya) + 3afy

35



Vggorg

F scalar quantity is one which requires only size to describe it.

Temperature and distance can be given by a number of the appropriate unit of measurement (21°C,
35cm).

Some quantities need a direction as well as a number of the appropriate unit of measurement, e.g. 35
km/h north.

A quantity that has both size and direction is called a vacior,

Vectors can be represented on diagrams by lines known as “directed line segments”,

A “directed line segment” is a line with an arrow: / \I\

The length of the line represents the size, the position of the line and the arrow represent the direction.
These “directed line segments” have the same length but different directions so they represent different

vectors.

Vector Notation

There are 2 common notations:

We would refer to this vector as: AB

B
/ In this notation the arrow above AB is always shown from left to right.

We would refer to this vector as: a

(ii) a
\a\
In text books and exams it will be shown in bold as a.

In hand-written work you must underline EVERY LETTER representing a VECTOR. It will be marked
WRONG in exams if you do not. DO NOT ATTEMPT TO WRITE THEM IN BOLD.

(i)

Two vectors are equal if they have the same length and are in the same direction.

A vector with the same length as vector a but the opposite direction is the vector —a.

\ua‘\\

IS}
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Multiplying a vector by a scalar

A scalar is an ordinary number. If the scalar is a positive number then the length of the vector increases but

the direction stays the same.

If b= 2a then we say that b is a scalar multiple of a.

The vectors @ and b have the same direction (they are parallel) but different lengths.
We can also see this if we write @ and b in column vector form.

Example

Ifa= (_23) and b = (—46) show that b is a scalar multiple of a.

When vectors are in the same direction they are either parallel or in a straight line.

Addition of vectors

We add vectors by placing them ‘nose to tail’ as shown: The vector in red is the sum

of the vectorsa and b.
b
//E’,/

Subtraction of vectors

Note how it starts at the
beginning of a and finishes
attheend of b

We do this in a similar way to addition by thinking of ‘subtraction’ as ‘addition of the negative’.

So a — b = a + (—b) gives the following:

/’?'g/f / 2—27’
/

The vector in red is the difference of the vectors @ and b.

When we add or subtract vectors the answer is called the resultant vector.
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Alternative vector format
Using the standard Cartesian axes we denote:

A vector of length one in the direction of the positive x —axis as i.

A vector of length one in the direction of the positive Yy —axis as J. j

A vector of length one in the direction of the positive z —axis as k. _ k

Every vector can now be represented in terms of i, J and k and these are called the component vectors in

the x, y and z direction respectively.

Example
Given @ = (3i + 2j + 8k) and b = (5i — 6j — 4k), find the resultant of a and b.

Column Vectors

Column vectors are a quicker version of writing vectors. In the above example, we can write

3 5
a= (2) and b= (-—6) ~a+b=
8 —4

Position Vectors

A vector a defining the position of a point 4 in relation to the origin O is called the position vector of point

Aiea=04

Consider point P(3,2), then the position vector OP can be written as

38



Displacement Vectors

A vector representing movement from point A to point B is called a displacement vector.

Example

Point A has position vector 4i + 3j and B has position vector —2i + 4j. Find the displacement vector 4B.

AB = b — a where a and b represent position vectors 04 and OB respectively

Magnitude of a Vector

The magnitude of a vector represents the vector’s size. The magnitude of vector a is denoted by |al. If
the vector 4B is represented by the line AB then the magnitude is the distance from 4 to B.

Eglfa=xi+yj and b=xi+yj+zk then |a] =x2+y2 and |b|l = Jx2 +y2 + 22

N.B. A unit vector is a vector of magnitude 1.

~ a
The unit vector in the direction of vector a is denoted by @. It is defined as @ = E (a) = l-a_l

Example 1
Find a unit vector in the direction of the vector 8i — 6j.

Example 2
Find a vector of magnitude 14 in the direction of the vector 6i — 3j + 2k.




Ratio Theorem

The point P which divides the line AB in the ratio A : p has position vector p where

La+ Ab
‘m where a and b are the pasition vectors of A and B respectively

P B

Example
If a point A has position vector i + 2j and B has a position vector 5i + j find the position vector

of the point which divides AB in the ration 1 -3

(NB the negative sign means the point divides AB externally rather than internally)

Note

The unit vectors i and j are base vectors from which other co-planer vectors can be built up. Any pair of non-parallel

co-planer vectors could be used instead.

Example

Witha = (g) and b = (_21) as base vectors, express ¢ = (157) in the form Aa + pb.

*UPM Ex2B Q3,4,6,7,9,10,11,13,18,19,20
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The Scalar Product égot Product

The scalar product of two vectors a and b is defined as the product of the magnitudes of the two vectors
multiplied by the cosine of the angle between the 2 vectors

| a.b = |a||b| cos 6

The scalar product is also referred to as the dot product. |al, |b| and cos 6 are scalar quantities.

The ‘angle between’ refers to the angle between the directions of the vectors where these directions are
either both towards or both away from the point of intersection i.e.

[ Note that if 8 is acute, the scalar product will be positive. If 8 is obtuse, the scalar product will be negative.

a by
The scalar product can also be calculated using components, i.e. if a = (az) andb = (bz) then
as bs

ay\ /b,
a.b = (az).(bz = a;b; + ab, + azb,

as/ \b,

Hence the angle between the two vectors can be calculated:

a. b
la||b]

cos @ =

Notes

1. The scalar product of 2 perpendicular vectors is zero since cos 90 = Oie.a.b=0.

2. a.b=b5b.a
3. a.a=|alla|cos0 = |al?
4, (a+b).c=a.c+b.c
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Example 1

Find the angle between the two vectors i + j + 2k and 2i — j + k.

Example 2

Given that two vectors @ = (3t + 1)i + j —k and b = (t + 3)i + 3j — 2k are perpendicular, find the
possible values of t.

Example 3

Show that AABC is a right angled triangle and find the other two angles given A(5,3,2),B(2,-1,3) and
€(7,-3,10).

*UPM Ex2CQ1,3,5,6,8,11,12,15,16

*UPM Ex17A Q1,2,4,6,7,11,12
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The vector equation of a straight

line
Think of a line that passes through the point A and is parallel to the b
vector b. The point A has position vector a referred to the origin O. P

Let R be any other point on the line and let it have position vector r.
Since the line is parallel to b, then:

ZT‘?' = Ab. where A is a scalar

However:
—
AR=r1—2
So: r—a=2M>b
0
or r=a+ b

This is a vector equation of the straight line. The vector b is in the
same direction as the line and is sometimes called the direction vector
of the line. The vector a is the position vector of a point on the line
and A is a scalar taking all real values.

Example

Find a vector equation of the line that passes through the point with
position vector 2i + j — k and is parallel to the vector —5i — 2j — k.

Example

Find a vector equation of the line that passes through the points A4
and B with position vectors a =2i —2j+ 3k and b= —4i + 5j — k
respectively.

Since the line passes through the points 4 and B a direction vector
for the line is AB. (Notice that BA is also a direction vector for the
line.) Then: -
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Example Find the point of intersection of L1:7 = 2i + j + A(i + 3j) and Ly:r = 6i — j + p(i — 4j).

Solution

Example Find the vector equation of the line that passes through the point with position vector 2i + 3j and is
perpendicular to the line r = 3i + 2j + A(i — 2j).

Solution
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Example

Find the perpendicular distance from the point A, position vector (

I L
the line L, vector equation r = (2) + .1(— 1)
3 2

Solution

4
=3t
10
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Definition
Skew lines are lines in 3-D which are not parallel and do not intersect.

Example

Show that the following lines are skew.

ine l: r=17i + 2j — 6k + -9 + 3j + 9k)
line2: r=20 - 3]+ 4k + p(6i + 7] — k)

Solution
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Cartesian equation of a line in three dimensions

r
Consider a line that is paraliel to the vector (q) and which passes through

r

a
the point A, position vector (b) of the general point on this line has
c

X x a Ju
position vector r = (I) then the vector equation of the line 18 (v) = (h) + ..i.(q)
< 2 ¢ r

Thus x=a + Ap
y=b+ Aq
and 2z = ¢ 4+ Ar

These arc the parametric equations of the line,
using the parameter A.

-a_y—b_z:

Iy q
arc the cartesian equations of the line

Isolating 4 in each equation gives 2

:c(- A). These

“ P
Thus the line with vector equationr = | b | + 1| ¢ ] has cartesian
¢ r
equations: il P Akl N Sl
' P q r

Notes

1. Given the cartesian equation of a line in the above form it is casy to
obtain the vector equation by remembering that the numerator gives the

C r

P
position vector (b) of a point on the line and the denominator gives the direction vector (q)

2. It is acceptable to give the cartesian equation of a line in the above form
even when one or more of p, ¢ and r are zero.

For example, the line through (0, 1, 1) and
parallel to y = —x, i.c. parallel to the

=1
vector ( l). has vector equation

0

0 ~1 .
r={ 1]+ A 1], (seediagram). '

[ 0

rw -l line paraliel
This gi i i = | + loy = =x
is gives the parametric equations {_: - A through (0. 1. 1)

The cartesian equations of the line can then be written
%—y: : -:; Iﬁrsimplyns:xi-y—_'l.1= 1.
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Example

Find the cartesian equations of the line that is parallel to the vector 2i + 3j + 4k
and which passes through the point A, position vector 3i — j + 2k.

Solution
The vector equation of the lineis r= 3i — j + 2k + A(2i + 3j + 4k)
thus x=13+ 2

y= =1+ 34

r= 2 + 41

The cartesian equations are therefore = ; 3l ; la? : 2{- A)

Example
. X +2 zZ—5 x—1 +3 zZ—4 .
The lines L1 and L; are 1= yT == and — = y_3 =0 Show that L; and L, intersect

and find the point of intersection.

Solution

*UPM Ex17C Q1-4,6,7,92,10-13,15-17,19,20ac




The vector product

The scalar product of the vectors a and b is
a.b = |a| [b| cos O

where 0 is the angle between the vectors a and b

The vector (or cross) product of the vectors a and b is defined as
- axb=|a||b|] sin@n

Once again 6 is the angle between a and b, and n is a unit vector
perpendicular to both a and b. The direction of f is that in which a
right-handed corkscrew would move when turned from a to b:

=k

j turn fromato b

If the turn is in the opposite sense, that is from b to a, then the

movement of the corkscrew is in the opposite sense to n. That is, it is
in the direction of —n.

Dturn frombtoa

=n
So: b x a = |b| |a| sin 6(—n)
= —la||b| sin@n
= —a x b
bxa=—-axb

Be careful, therefore, because a x b £ b x a. The vector product is
nof commutative. Notice that a.b is called the scalar product of a
and b because the result 1s a scalar and that a x b is called the vector

product of a and b because the result is another vector.
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Vector product equal to zero

Ifaxb=~0thensincea x b= |a||b/sinfn

either laj=0=a=0
or bl =0=b=20
or sinf=0=0=0o0rn

But if either # = 0 or @ = = then a and b are in the same direction
(and either in the same sense or in opposite senses). In cither case, if
sin @ = 0, then a and b are parallel.

So:
m ifa X b = 0 then eithera = 0, or b = 0 or a and b are parallel.

Now the vectors i, j and k are such that each one is perpendicular to
the other two. Also their relative positions are such that if a right-
handed corkscrew were turned from i to j it would move in the
direction k. You should also be able to see that if a right-handed
corkscrew were turned from j to k it would move in the direction i
and if it were turned from k to i, it would move in the direction j.

So ixj=I[illj| sin90° k
=(1x1x1lik=k

m That is: ixj=k dM{ Ofb)(g:-;:
Similarly ixk=i éx = df_g-
and kxi=j /t\)(fg‘—'*’{

Also, since the angle between i and itself is 0 and sin 0 = 0,

m then: ixi=0
Similarly ixj=0
and kxk=0

The vector product of a,i + a,j + ask and
bqi+ by j + b3k

(a1i + azj + a;k) x (byi + baj + b3k)

=a1by(i x i) + a1by(i < j) + a1 b5( x k) + a>b,(j x i)
+ ax2bo(j % j) + axb3(j x k) + azbi(k x i) + azba(k x j) + azb3(k x k)

= a1b:k + a1b3(—]) + axb1(—K) + axb3i + a3bij + a3by(—i)
(because i x k= —k xi=—jjxi=—~ixj= -k kxj=—jxk=—i)

= (@203 — asb)i + (azby — a1 b3)j + (a1b2 — axby)k

i j k

a a as

by by by
Result i .i k
[ @i+ +ayj+ak) x (byi+byj+b3k) = |a; ar a3
by by by
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Example
Find a unit vector which is perpendicular to both a = 2i —j+ 3k
and b = —i+ 3j — k.

Solution

Example

Find the sine of the acute angle between a=2i —j+ 2k and
b=-3i+4j+k

Solution

*P4 Book page 213 EX6A Q1alt,2,4,5,6,7alt,9,10
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Applications of the vector
product

Area of a triangle

You should know that if you are given a triangle ABC then the area
of the triangle is given by 1ab sin C.

If, therefore, you have a triangle OAB, then the area of the triangle
1s given by

1(04)(0B) sin0
where {AOB =10

Now if the position vectors of 4 and B relative to O are a and b,
respectively, then

area of AAOB =

1
2

=1/a[|b| sin@
|

m Area of AAOB =1|a x b|

If you have a triangle ABC where the position vectors of A, B, C
relative to an origin O are a, b and ¢, respectively, then the area of
the triangle can be calculated in a similar fashion.

~The area of the triangle is given by (4B)(AC)sinf, where
6 =/BAC.

—
- Thatis, 3|AB| |AC| sinf
But AB =b —aand AC = ¢ — a 50 the area of the triangle is
3|b—ajlc—a| sind

(b—a)x (c—a)

Il

%
.é.|(|,xc)—(bxa)—(axc)+(3><a)|
=Zlbxc+exa+axb |

=zlaxb+bxc+exal
sincecxa=—-axc,axb=-bxaandaxa=0.

m Arcaof AMBC=5laxb+bxc+exa)
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Example

Find the area of the triangle OA4B where O is the origin, 4 has
position vector 2i — j + k and B has position vector 3i + 4j — 2k.

Solution

Example

Find tf-lf: area of the triangle 4 BC where the position vectors of 4, B,
C relative to the origin O are 2i+ 35—k, 3i—4j+2k and
—i + 2j — k respectively.

Solution
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Volume of a parallelepiped

oY

The volume of a parallelepiped is given by (area of base) x & where
h is the perpendicular distance between the base and the top face. In
the parallelepiped above, O is the origin and 4, B, C have position
vectors a, b and ¢ respectively. The base of the parallelepiped is a
parallelogram.

oY

Now the area of AOBC is —(OB)(OC} sin ! and the area of ADCRH
IS —(DC}{DB} sinfl. (You should know that the opposite angles of a
pdrallelogram are equal in size.) But because OBDC is a
parallelogram, OC = BD and OB = CD.

So:
area of parallelogram OBDC = 3(OB)OC)sinf + L(DC)(DB) sin §
= 1(0BXOC)sinf + L (OB)(OC) sin
= (OB)YOC) sinf
= |b x ¢
The volume of the parallelepiped is therefore |b x e|h.

Now e = COs @
OA

where ¢ is the angle between the vertical and OA.
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So: h=0Acos¢

and the volumeis |b x ¢/0A4 cos ¢

b x ¢||a| cos g
= |a|[b x ¢| cos ¢

But b x ¢ is vertically up, in the direction of A, since bxc 18
perpendicular to both b and c.

So ¢ is the angle between a and b x ¢, and |a||b x ¢[cos ¢ 1s the
scalar product of a and b x c.

m Thus the volume of the parallelepiped is given by a.(b x c),
which is usually written without the brackets, because there can
be no confusion, as simply a.b x ¢. This quantity is usually
known as a triple scalar product,

Volume of a tetrahedron

The volume of a tetrahedron is given by the formula A
1 (area of base) x h, where h is the perpendicular height.

In the tetrahedron OA4BC above, you have O as the origin, a as the
position vector of 4, b as the position vector of B and ¢ as the
position vector of C. The perpendicular height makes an angle ¢

with OA.

You know that the area of the triangular base is 4 |b x ¢|.

Also: h = 0A cos ¢ = |a| cos ¢

So the volume of the tetrahedron is given by
1x3bxc||al cos¢

But because b x ¢ is in the direction of A, the angle ¢ is the angle
between b x ¢ and a.

m  Therefore the volume of the tetrahedron is given by

1
63.'))((:

55



Evaluating the triple scalar product

You know that b x ¢ can be evaluated as

i j k

by by by}

cp €2 C3 1
where b = i+ baj + b3k
and c=ci+cj+ ek

So b xe= (b3 — bico)i+ (bsc) — bies)j+ (brea — bacr) k

Ifa—= aji + a,j + a3k, then:

a.b x ¢ = a|(bycs — bycz) + aa(bscy — bres) + as(brea — baey)  (B)

However, if you compare (A) and (B) you will see that they are the
same, except that in (B) i is replaced by ay, j is replaced by @ and k

is replaced by a;. This leads to the conclusion that

ay ay a3
u abxec=|b b b3
cp 0 3

Example

A tetrahedron has vertices at 4(0,1,0), B(1,1,2), C(-2,1,3) and
D(2,0,1) relative to the origin O. Find the volume of the

tetrahedron.

Solution

*P4 book page 220 Ex6B Q1,3,5-11,13,14,16
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The equation of a straight line

If a line is parallel to a vector b, and if a point 4 on the line has
position vector a and any other point R on the line has position
vector r, then an equation of the line is

r=a+4b
where 4 is a scalar parameter (Book P3, page 138).

Now the vector AR =r —aand AR is parallel to b. But you learned
earlier (page 211) that if two vectors are parallel, then their vector
product is zero.

= So another form of the equation of the straight line is
(r—a)xb=20

Example

Find an equation of the straight line which passes through point
A(2,—1,1)and is parallel to i + 4j — 3k.

Solution
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The scalar product form of the
equation of a plane

The point A4, with position vector a lies in a given plane. The vector
n is perpendicular to the plane. The point R with position vector r 1s

any other point in the plane.

Then: AR =r—a

Since both A4 and R lie in the given plane, then AR must Ije in the
plane. But if n is perpendicular to the plane then the directions of n

and AR = r — a must be perpendicular. However, if two vectors are
perpendicular then their scalar product is zero (see Book P3,

page 132).
So: (r—a)n=20
or r.n—an=2>0

= r.n=a.n

If a.n = p then an equation of the plane isr.n = p.

® Given that a plane contains a point with position vector a, that_r
is the position vector of any other point in the plane and that n s
perpendicular to the plane, the scalar product form of the
equation of the plane is r.n = p, where p = a.n.

Cartesian equation of a Plane

a x
Consider a plane with equation r.n = p wheren = <b> Writing r, the position vector of the general point as <y>

¢ VA
X\ /Q
Gives <y> . <b> =p
z c

ie.ax +by+cz=p

Thus a plane perpendicular to ai + bj + ck has Cartesian equationax + by + cz =p
Note

To show that a line lies in a given plane, show either:-

e Line and plane are parallel AND They have a common point
OR

e The line and plane contain two common points



Example
The point 4 with position vector i — 2j+ k lies in a plane. The
vector —i + j — k is perpendicular to the plane. Find an equation of
the plane

(a) in scalar product form

(b) in cartesian form.

Solution

Example

Show that the line with equation r = i + 2j + k + A(2i + j) where 4 is
a scalar parameter lies in the plane with equation

r.(i-2j+2k)=-1.

Solution
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The vector equation of a plane

If A lies in the given plane and has position vector a and R is any
point in the plane and has position vector r, and b and ¢ are two
non-parallel vectors in the plane, neither of which is zero, then

e
r=a+ AR

But AR, since it lies in the plane, can be written:
AR = b+ ue a r

where A, u are scalar pararhetérs.

So: r=a+ b+ uc 0

m The vector equation of a plane where a is the position vector of a
point in the plane and b and ¢ are non-parallel vectors in the

plane, neither of which is zero, is given by
r=a+Ab+ uc, A, p scalars

Example

Three -points in a plane have coordinates A(1,—1,0), B(0,1,1) and
C(2,1,-2) referred to an origin O. Find a vector equation of the

plane.

Solution

Example
Find a cartesian equation of the plane containing the points
A(1,1,1), B(2,1,0) and C(2,2, - 1).

Solution

*P4 book page 228 Ex6C Qlab,2ab,3ab,4ab,5ab,6a,7ac,8ac,9-12
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Distance of a point from a

plane
M
n p
A
]
] S
T' S R
d a
r
o

The diagram shows a plane which contains the point 4, with
position vector a, and also contains any other point R, with position
vector r. The unit vector f is perpendicular to the plane. The line 0A
makes an angle 6 with fi and dis the distance of O from the plane.

Then: d=acost

=a.l. cos@

= |a| [f| cos 6, since fi is a unit vector

So d=a.n

SN N

Now an equation of the plane is r.n = a.n. Thus if you replace
the vector n by i in the scalar product form of the equation of
the plane you get r.i = d where d is the perpendicular distance
of the origin from the plane.

Conhe 3 pralld s T, T T

" [,-E..v:'[ir e%ug, o |
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,C,'wf:} =3 YELAK/ ég a 4(&@'\(5 jﬂuwlﬁ’ ﬁ‘;m {4’ gp/‘,}};ﬁ,
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con=-2 1T = v D oy N

6wa( W;.' s on ‘f:(e DZ"{QJ’ IA}{E 0'7[1%? a?ﬂ;g;f;}\ g"am 7{@’&{/ ﬁ;

_:“;? ‘Hf /s / me()" from 7/: 63{‘6(
T s 7 e from ﬂ; .
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Example

Find the perpendicular distance of the origin from the plane with
equation r.(2i +4j — 3k) = 7.

Solution

Example

Find the distance of the point (3, 1,6) from the plane with equation
r.(2i —j—2k) = 13.

Solution
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The line of intersection of two
planes

In general when two planes intersect their intersection is a straight
line. If you can write the equation of each plane in cartesian form,
then by solving the two equations simultaneously you should be able
to obtain an equation of the line of intersection, as the next example

shows.

Example

Find, in vector form, an equation of the line of intersection of the
plane r.(i -+ j+ k) = 3 with the plane r.(i + 2j + 3k) = 3.

Solution
r.(i+j+ k) = 3 can be written:
x+y+z=3 (1)

and r.(i + 2j + 3k) = 5 can be written:

X+2y+3z=5 = (2)
(2) — (1) gives y+2z=2
So: y=2—-12z

Substituting in (1) gives:

which is an equation of the line of intersection in cartesian form.

So: x=14+4y=2-21z=4
If or=xi+yj+zk

then: r=(1+Ai+2-24)j+ 4k
That is: r=1i+2j+ Ali — 2j + k)

which is an equation of the line of intersection in vector form.
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The angle between a line and a

plane
| o
P

and its projection on the plane (see Book P2, page 188). In the
diagram, AC 1s the line and 4B 1s its projection on the plane. So you
have to find the angle CAB = 6.

The angle between a line and a plane is the angle between the line i
[
"4 .

But 8 = 90 — @ is the angle between the line BCi.e. @ is the angle between AC and a
normal to the plane.

*So, if asked to find the angle between a line and a plane, first find the angle between the
line and the normal to the plane and then subtract the answer from 90°. This is the
required angle.

Example

Find the acute angle between the line with equations
x+1 z—3
2 T
and the plane with equation
2x4+3y—Tz=135

y)

Solution
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Angle between two planes

The angle between two planes is the angle between two
perpendiculars (one in each plane) drawn from a point on their line
of intersection (Book P2, pagel91). If you are given vector
equations of the two planes you need to be able to calculate
/YXZ =6. So from Y you draw the perpendicular to the plane
ABCD and from Z you draw the perpendicular to the plane ABEF.

b 2 raral

| P
@‘\ meet at P

A
) =7 22 -
(] A
X = PP Y

Result:- The angle between two planes is the angle between the two normal.
Example  Find the angle between the planes with equations
r.(2Zi+j+3k)=>5
and rri+3j+k)=7

Solution

=

*P4 book page 236 Ex6D Qlac,2ac,3,4ab,5ab,6,7,8ab,11,13-17,19,20,21
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Complex Numbers

The quadratic equation ax? + bx + ¢ =0 has
solutions given by

_ b+ Vb2 - 4ac
B 2a

If the expression under the square root is negative,
there are no real solutions.

You can find solutions to the equation in all cases by extending the number system to include v=1.
Since there is no real number that squares to produce -1, the number V=1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example

3 + 2i, are known as complex numbers.

" i=v-1 m The set of all complex numbers is

written as C.

For the complex number z = a + bi:
* Re(z) = ais the real part

* Im(z) = b is the imaginary part

= Animaginary number is a number of the
form bi, where b € R.

= A complex number is written in the
form a + bi, where q, b € R.

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Example

Simplify each of the following, giving your answers in the form « + bi, where a, b € R.

10 + 61
2

a (2+5i) + (7 +3i) b (2-5i) - (5- 11i) ¢ 2(5 - 8i) d

Solution

You can use complex numbers to find solutions to any quadratic equation with real coefficients.

m If b% — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which are real.
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Example

Solve the equation z2 + 9= 0.

Solution

Example
Solve the equation z2 + 6z + 25 = 0.

Solution

Multiplying complex numbers

You can multiply complex numbers using the same technique that you use for multiplying brackets in
algebra. You can use the fact that i = V=1 to simplify powers of i.

Express each of the following in the form a + bi, where a and b are real numbers.
a (2+30)4+ 5i) b (7 - 4i)?

Solution
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Complex conjugation

= For any complex number z = a + bi, the Tosether = a¥ S Al
complex conjugate of the number is i comlex conjugate pair.
defined as z* = a - bi.
Example

Given thatz =2 - 71,

a write down z¥ b find the value of z + z* ¢ find the value of zz*

Solution

Note The modulus of a complex number is denoted by |z| where |z| = Va? + b2 i.e. zz* = |z|?.

Dividing Complex Numbers

you multiply both the numerator and the
denominator by the complex conjugate of the
denominator and then simplify the result.

The method used to divide complex
numbers is similar to the method used to
rationalise a denominator when simplifying surds.

Example 544
Write - in the form a + bi.
2-31
Solution
Note

two complex numbers are equal if and only if their real and imaginary parts are separately equal.
eg.lfzy =2z,
SxyH iy =x 1Yy,
a0 = %) = [i(, — y))?
w0 = x2)? = =1y, — y1)?
L= x)P+ (0 —y)P =0
o (x1 —x3)% = 0and (v, —¥1)? = 0 (since the square of real numbers must be positive)

“ X =Xz and y; =,

Note Ifx+iy=0thenx=0andy =0

*P3 book page 166 EX7A Qlace,2ace,3ace,4,5ace,7ace,8ace,9ace, 11,12
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Finding the square root of a complex number

Example Find vV 34+ 4i

Solution

*P3 book page 179 EX7C Qlace,2ace,3,4,8

69



Roots of quadratic equations

= For real numbers a4, b and ¢, if the roots of the quadratic equation az? + bz + ¢ =0 are
non-real complex numbers, then they occur as a conjugate pair.

Another way of stating this is that for a real-valued quadratic function f(z), if z, is a root of f(z) =0
then z,* is also a root. You can use this fact to find one root if you know the other, or to find the
original equation.

= |f the roots of a quadratic equation are

« and 3, then you can write the equation m Roots of complex-valued polynomials
as(z-a)(z-pP3)=0 are often written using Greek letters such as

alpha), 4 (beta) and amma).
or - o+ Bz + 08 =0 « (alpha), g ( ) v (g

Example

Given that a = 7 + 2i is one of the roots of a quadratic equation with real coefficients,
a state the value of the other root, 3

b find the quadratic equation
¢ find the values of o + F and a3 and interpret the results.

Solution

Solving cubic and quartic equations

You can generalise the rule for the roots of quadratic equations to any polynomial with real coefficients.
= |f f(z) is a polynomial with real
coefficients, and 7, is a root of f(z) =0, m If z, is real, then z,* = z,.
then z,* is also a root of f(z) = 0.
You can use this property to find roots of cubic and quartic equations with real coefficients.

= An equation of the form az? + bz2 + ¢z + d = 0 is called a cubic equation, and has three roots.
= For a cubic equation with real coefficients, either: m B L
» all three roots are real, or equation might have two, or three,

» one root is real and the other two roots form a repeated real roots.
complex conjugate pair.
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Example

Given that —1 is a root of the equation z° — z2 + 3z + k=0,
a find the value of & b find the other two roots of the equation.

Solution

= An equation of the form az* + bz3 + ¢z? + dz + e = 0 is called a quartic equation, and has four

roots.
= For a quartic equation with real coefficients, either: [ Watch out JNOSIRI
* all four roots are real, or quartic equation might have
» two roots are real and the other two roots form a repeated real roots or repeated
complex conjugate pair, or complex roots.

* two roots form a complex conjugate pair and the
other two roots also form a complex conjugate pair.
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Example

Given that 3 +1is a root of the quartic equation 2z* — 327 — 3922 4+ 120z — 50 = 0, solve the
equation completely.

Solution ***use different method. Divide through by quadratic to reduce quartic to quadratic then solve that
quadratic***
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Example

Show that z2 + 4 is a factor of z* = 22% + 21z — 8z + 68.
Hence solve the equation z4 — 223 + 2122 -8z + 68 = 0.

Solution

*Edexcel Book E1F and Mixed Exercise 1 as extra
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Summary of key points

10

11

12

1i=v-1andiz=-1
2 Animaginary number is a number of the form bi, where b € R.
3 A complex number is written in the form a + bi, where a, b € R.

& Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

5 You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

6 If b2 — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which is real.

7 For any complex number z = @ + bi, the complex conjugate of the number is defined as
z*=a - bi.

8 For real numbers a, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are non-real
complex numbers, then they occur as a conjugate pair.

If the roots of a quadratic equation are o and 3, then you can write the equation as
(z-a)iz-pP)=00rz2-(a+P)z+af=0.

If f() is a polynomial with real coefficients, and z, is a root of f(z) = 0, then z,* is also a root of
f(z) = 0.

An equation of the form az3 + bz2 + cz + d = 0 iis called a cubic equation, and has three roots.
For a cubic equation with real coefficients, either:

« all three roots are real, or

« one root is real and the other two roots form a complex conjugate pair.

An equation of the form az* + bz3 + ¢z + dz + e = 0 is called a quartic equation, and has four
roots.

For a quartic equation with real coefficients, either:

« all four roots are real, or

« two roots are real and the other two roots form a complex conjugate pair, or

« two roots form a complex conjugate pair and the other two roots also form a complex
conjugate pair.
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The Argand Diagram

= You can represent complex numbers on an Argand diagram. The x-axis Im 4
on an Argand diagram is called the real axis and the y-axis is called the M - ZEx+iy
imaginary axis. The complex number z = x + iy is represented on the ;
diagram by the point P(x, y), where x and y are Cartesian coordinates. 0 \ R

Complex numbers can also be represented as vectors on the Argand diagram.

m The complex number 7 = x + iy can be represented as the vector (;) on an Argand diagram.

You can add or subtract complex numbers on an Argand diagram by adding or subtracting their

corresponding vectors.

Example

z; =4 +1iand z, = 3 + 3i. Show z, z, and z, + z, on an Argand diagram.

zZ1+2,=4+3)+(1+3)i=7+4i

Im4
= I+ Z
Zp a3 2
4
0 Re
Example

The vector representing z, + z, is the diagonal of
the parallelogram with vertices at O, z; and z,.
You can use vector addition to find z; + z,:

(1)+(5)=(2)

z,=2+ 5iand z, = 4 + 2i. Show z,, z; and z; — z, on an Argand diagram.

i —z=(2-4)+(5-2)i=-2+ 3i

Re4

=

The vector corresponding to z, is (g) so the

vector corresponding to —z; is (_g)

The vector representing z, — z, is the diagonal of
the parallelogram with vertices at 0, z, and —z,.
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Modulus and argument

The modulus or absolute value of a complex number is the magnitude of its corresponding vector.

s The modulus of a complex number, |z|,
is the distance from the origin to that
number on an Argand diagram. For a
complex number z = x + iy, the modulus is

given by |z] = /x% + y2.

m The modulus of the complex number

z is written as r, |z] or |x + iy|.

The argument of a complex number is the angle its corresponding vector makes with the positive

real axis.

m The argument of a complex number, arg z,
is the angle between the positive real axis
and the line joining that number to the
origin on an Argand diagram, measured in
an anticlockwise direction. For a complex
number z = x + iy, the argument, 6,

satisfies tan 0 = %

3
> ol

(5]

AL
' \

Nlﬂ \__/
-
o

m The argument of the complex

number z is written as arg z. It is usually given in
radians, where

« 27 radians = 360°

« 7 radians = 180°

The argument 6 of any complex number is usually
given in the range —m < @ < m. This is sometimes
referred to as the principal argument.

argz\ [+
0 x Re -
Example
z=2+ T, find:
a the modulus of z b the argument of z, giving your answer in radians to 2 decimal places.
Solution
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Example

z=-4 —1, find:
a the modulus of =z b the argument of z, giving your answer in radians to 2 decimal places.
Solution

Modulus-argument form of complex numbers

You can write any complex number in terms of its modulus and argument.

m For a complex number 7 with |z| = r and arg 7 = 6, the modulus-argument form of 7 is
z=r(cosf +isin6)

i t s=x+ip  Fromtheright-angled triangle, x = rcos6 and y = rsin6.
: z=Xx+iy=rcosf+irsinf=r(cosf +isinf)
r g :
9 This formula works for a complex number in any quadrant of the Argand diagram.
0 r R The argument, 6, is usually given in the range -7 < # < , although the formula
0] X Re  works for any value of @ measured anticlockwise from the positive real axis.
Example

Express z = —/3 +1i in the form r(cos @ + isin#), where -7 < 0 < .

*Edexcel Book Ex2A Q2-6

*Edexcel Book Ex2C Q1-3(alt parts),Q4-6




You can use the following rules to multiply complex numbers quickly when they are given in
modulus—-argument form.

m For any two complex numbers z, and z,, @ Y lolvithe todiiliand
. = ou muttipty the moauti an
|2122] = [z4llzal add the arguments.

« arg(z;z;) =argz, +argz,

To prove these results, consider z; and z, in modulus-argument form:
zy =r1y(cosf, + isind;) and z, = r,(cosf, +isiné,)

Multiplying these numbers together, you get

Z1Zp = I'I(COSOI + |S|n61) X "Z(COS 92 +isin 62)

= ry15(cos 6, + isin 8,)(cos B, + isind,) m

: , . o> s , The last step of this working
=ryr,(cos 6, cos @, + icosb; sinb, + isin#,cos G, + i¢sinf; sinfb,) PYIEKE= 128 of th= triBohometrie
=ry15(cos 6, cos b, + icos b, sinb, + isin#; cosf, — sinb, sinbd,) addition formulae:

; sin(4 = B) = sin4 cosB + cosAsinB
cos(A + B) = cosAcosB x sindsinB

Fis(
r1;((cos 8, cos 6, — sin 6, sin ;) + i(sin 6, cos 6, + cos 6, sin 6,))
Fir,(cos(@, + 6,) +isin(@; + 65))

This complex number is in modulus-argument form, with modulus r,r, and argument &, + &,, as
required.

You can derive similar results for dividing two complex numbers given in modulus—argument form.

m For any two complex numbers z; and z,,
@ You divide the moduli and

ﬁl _ |zl
Z2| 7 |22) subtract the arguments.

Z
. arg(z—:) =argz, —argz,

To prove these results, again consider z; and z, in modulus—-argument form:
z; =r,(cosé, +isinéd,) and z, = r,(cos b, + isinb,)
Dividing z, by z, you get

_ry(cosf; +isind)
2 ry(cosf, +isind,)

E

Ny

ri(cosé, +isin@,;) (cos@,—isind,)
= X
r,(cosf, +isin6,)  (cos@, —isind,)
3 ri(cos 0, cosB, — icos b, sinb, + isin@, cos @, — i¢sin b, sin b,) The last step of this

" r5(cos0,c0s0; — icos6,5in b, + isind,cosd, — i2sinb,sind,)  Working makes use of the
trigonometric addition formulae

_ 11((cos @, cosb; + sind; sin ;) + i(sin6; cos B, — cos b, sin b)) together with the identity
1,(cos? 6, + sin6,) sin?@+ costd =1

= ::—:(COS(OI = 02) +i Sin(91 = 92))

,.
This complex number is in modulus—argument form, with modulus é and argument 6, — 6,, as required.
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Example

z; = 3| cos by +1sin S—ﬂ-) and 4[(:05 L +1sin 1)
1 B 12 12 12 12
a Find: i |z22 ii arg(z,z,)
b Hence write z,z, in the form: i r(cosf@+1isinf) i x+1iy
Solution
Example
V2 cos-l%+ isin%)
Express in the form x + iy.
2(-::05-E + isinﬁ)
6 6
Solution

*Edexcel Book Ex2D Q1a,2,3ace,4ac
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Loci in the Argand diagram

Complex numbers can be used to represent a locus of points on an Argand diagram.

m For two complex numbers z, = x, +iy,and z, = x, + iy, |2, - z,| '™
represents the distance between the points z, and z, on an
Argand diagram. -2

=X+ |y2

Using the above result, you can replace z, with the general point z.
The locus of points described by |z — z;| = r is a circle with centre 0 Re
(x;, ¥1) and radius r.

Im a
z=Xx+iy
Locus of points.
Every point z, on the circumference of the circle,
is a distance of r from the centre of the circle.
0 " Re

X Given z; = x; + iy, the locus of point z on an Argand diagram such that |z - z,| = 1,
or |z — (x, +iy,)| =, is a circle with centre (x,, y,) and radius r.

You can derive a Cartesian form of the equation of a circle from this form by squaring both sides:

z—z=r
| il @ The Cartesian equation of a

| = xp) +iQy =yl =7 circle with centre (g, b) and radius r
(x=x)%+ (y—y)2=1r2 = Since|p +qi| = /pZ + ¢2 is(x—al+(y-bR=r?

The locus of points that are an equal distance from two different points z; and z; is the perpendicular
bisector of the line segment joining the two points.

Im
z=x+ip
‘ Locus of points.
=X+ 1), Every point z on the line is an equal distance
from points z; and z,.
=X+ iy
0 Re

m Given z, = x, + iy, and 7, = X, + i y,, the locus of points z on an Argand diagram such that
|z — z4] = |z — 22| is the perpendicular bisector of the line segment joining z; and z,.

80



Example

Given that z satisfies |z — 4| = 5,
a sketch the locus of z on an Argand diagram.
b Find the values of z that satisfy:
i both|z—4|=5and Im(z)=0 ii both|z—4|=5andRe(z)=0

Solution

Example

A complex number z is represented by the point P in the Argand diagram.
Given that |z - 5 - 3i| = 3,
a sketch the locus of P b find the Cartesian equation of this locus

¢ find the maximum value of argz in the interval (=, 7).

Solution
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Example

Given that the complex number z = x + iy satisfies the equation |z — 12 — 5i| = 3, find the minimum
value of |z] and maximum value of |z].

Solution

Example

Given that Iz - 3| = |z +1l,
a sketch the locus of z and find the Cartesian equation of this locus
b find the least possible value of |z|.
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Solution
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Locus questions can also make use of the geometric property of the argument.

Given z; = iy, th f point
m Given g, = x; + iy, the locus of points 7 m A half-line is a straight line

on an Argand diagram such that e ot e e direct!
arg (z _ Z1) = @ 'is a half-line from, but not s)':l)eln INg Trom a point infinitety in one direction

including, the fixed point z; making an
angle 6 with a line from the fixed point z,
parallel to the real axis.

argl(z-zj)

) Re

You can find the Cartesian equation of the half-line corresponding to arg(z — z;) = 6 by considering
how the argument is calculated:

arg(z—z;) =40
arg((x—x) +i(y-y)) =6
y=» _ _— I 0 is a fixed angle so tan 8 is a constant.
X=X This is the equation of a straight line with gradient

y—y;=tanf(x - x;) -—I_ tan @ passing through the point (x,, y,).

Example

Given that arg(z + 3 + 2i) = i—w

a sketch the locus of z on an Argand diagram

b find the Cartesian equation of the locus 5
¢ find the complex number z that satisfies both |z + 3 + 2i| = 10 and arg(z + 3 + 2i) = e

Solution
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*Edexcel Book Ex2E Qlacei,4,6acei,7,10ace

Regions in the Argand diagram
You can use complex numbers to represent regions on an Argand diagram.

Example

a On separate Argand diagrams, shade in the regions represented by:
i z-4-2i=<2 i z—d|<|z-6] i Oiarg(z—Q—Zi)aE%

b Hence, on the same Argand diagram, shade the region which satisfies
(z€C:|lz-4-2<2iN{z€C: -4 <|z-6|) ﬂ{zet:ﬂaarg(z—’l—Zi)a%}

Solution
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Example
Sketch the locus of z such that
|z —3]|=2|z—1+1i]

This means that the locus is the path of the point (x, ) such that the.’
distance between (3.0) and (x,y) is twice the distance between'

(1, —1) and (x,y). It is all very well to state this, but what sort of a
curve does this give you? Since on this occasion the locus is not
obvious, you need to resort to algebra. (You could have done thJs
with the previous examples if you had got stuck.)
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Example

-~

Sketch the locus of z such that arg =

Solution

Result:

zZ—a

arg (ﬁ) = X is an arc of a circle subtended from the points ‘a’ and ‘b’.

*Edexcel Book Ex2F Qlaceg,2-6

* Edexcel Book Mixed Exercise 2 as extra




Summary of key points

1

You can represent complex numbers on an Argand diagram. The x-axis on an Argand
diagram is called the real axis and the y-axis is called the imaginary axis. The complex
number z = x + iy is represented on the diagram by the point P(x, y), where x and y are
Cartesian coordinates.

X

The complex number z = x + iy can be represented as the vector (J) on an Argand diagram.

The modulus of a complex number, |z, is the distance from the origin to that number on an
Argand diagram. For a complex number z = x + iy, the modulus is given by |z| = VX2 + y2.

The argument of a complex number, arg z, is the angle between the positive real axis and the
line joining that number to the origin on an Argand diagram. For a complex number

z =X + iy, the argument, 6, satisfies tanf = 2

X
Ima
Let a be the positive acute angle made with the real axis argz=m-a | argz=a
by the line joining the origin and z.
« If z lies in the first quadrant then argz = a. 3 = 5
« If z lies in the second quadrant then argz = m — a. 7o) i Re
« If z lies in the third quadrant then argz = —(7 — ).
+ If z lies in the fourth quadrant then argz = —a. argz=—(r-a) argz=-a
6 Foracomplex number z with |z| = r and arg z = 6, the modulus-argument form of zis

z=1r(cosf + isinf)

7 For any two complex numbers z; and z;,
* |z122] = |allz]
o arg(zyzp) =argz, +arg z;
|24

|z2|

-,
.4.1

22

|
. arg (:2-) =argz —argz,

8 For two complex numbers z; = x; + iy; and z; = x, + iy, |22 — 24| represents the distance
between the points z; and z, on an Argand diagram.

9 Given z, = x, + iy, the locus of points z on an Argand diagram such that |z — z;| =1, or
|z — (¥, + iyy)| = r, is a circle with centre (x;, y) and radius r.

10 Given z; = x, + iy; and z; = X, + iy, the locus of points z on an Argand diagram such that

|z — z,| = |z = z,| is the perpendicular bisector of the line segment joining z, and z,.

11 Given z, = x, + iy, the locus of points z on an Argand diagram such that arg(z - z;) =@ isa

half-line from, but not including, the fixed point z, making an angle # with a line from the
fixed point z, parallel to the real axis.



