A-Level Further Maths A21

Maclaurins Series

Let f(x) be a function, which throughout a certain domain, including x=0 is

(a.) Differentiable any number of times ,and
(b.) The sum of a convergent power series.

Let this series be
f(x) = ag+ ayx + azx? + azx>® + agx* + agx® + -
so f(0) = ay
*differentiating term by term and putting x=0
f'(x) = ay + 2a,x + 3a3x? + 4a,x3 + S5asx* + -
so f'(0) = a;
f"(x) = 2a, + 6azx + 12a,x% + 20agx3 + -
so f"(0) = 2a,
or f""(0) = 2!a,
f'"(x) = 6as + 24a,x + 60asx? + -
so f""(0) = 6as
or f'"(0) =3!a,
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so you could write f(x) = f(0) + xf'(0) +Z o 31 41

This is Maclaurins Series.

Exponential Series

Let f(x) = e*
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Logarithmic Series

Let f(x) = In (1 +x)
{G)=ln(+x) . 47)= O
fa)- /7% ()™ o FY)-
') (120 ey
'G)-2000% oy o s
') <-4z )+ e 10) =4 <3/
7&,/1) 26( 142)>." f"(o) <24 = 4./
f"(z) 0 ne)! (1+2)”

o 0) = E1) " n)!

Ndééurmf 'Wf -
ol 142)- 2
)= o +2 ()"3 (2) 2 /3/2*2;/4/)
+«? (/]( /
:«’Z-Z/z-c-:zf 2% 5 "
T T~ 44
L4 T4 ’L(/)\:t +.
w" i A AQ; m;’/\ 070&0/1 ; ”
"’7% AL
X 4,
- /J"‘/ %fe&O:r
At 1z
v X Tor x_ e ob@umz‘[
xk _y 2! _27_5¢ D)
w/loz’ ‘é'-va conv, e ,‘gr ,,z .3,;;
O-@ 1S - /
M/ ) Lul1-2) = 75 7‘23 7 - w/iéi//
(+x ‘
b b(15):2(2. 5}, 35, )’ @
: iA has "W/A oicaawerwce -Ica</ (ie hbﬂ@d@”‘?w
Ial can be aubnlied 445)'7@ by, fe/k/, 7 b L -

Zn 1= 2( %5+ 5 £ w"/‘”’"’é’”‘ ‘
> 0-&49 7 ©
[} ,r/ )’/7) ) €93 fapidly than (D.




Example
Expand cos x in ascending powers of x.

Solution
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***p3 Book Exercise 2D

(next bit is not needed. Just to show)

Challenge Problem-solving

The ratio test is a sufﬁcuent condition for the convergence of an infinite

a
v lim{—=={ = 1 or does not
series. It says that a series Za, converges if [im h ¢

r=1
if lim—7—

Use the ratio test to show that
a the Maclaurin series expansion of e~ converges for all x € R

< 1, and diverges ) - )
exist then the ratio test is

Gl 5 g, inconclusive.
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Binomial Series

Consider f(x) = (1 +x)* forn€R
fG)=A+x)" sof(0)=1
flx)=n(1+x)"1 sof'(0)=n
') =nn—1DA+x)"?2 sof"(0)=n(n-1)
") =nn-1Dm-2)A+x)"3 sof"(0)=n(n-1)(n-2)

ffx)=n(n—1)(n—-2).(n—r+1D)A+x)" sof"(0)=nn—-1)n-2)..(n—r+1)

Maclaurins gives:-
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n —
A+x)"=14+nx+ o0 3 . _

Which is the Binomial Series for any n € R and is convergent, provided |x| < 1.

If n € Z%, the series terminates and reduces to the Binomial Theorem.

Note Define (Z) to be

ny nh—-1Dn-2)..(n—-r+1)
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Example

-2
Expand (1 — 3x)3 up to terms including x3.
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Example

1 1
Expand (1 — 3x)s inascending powers of x up to the term x3. Take x = % to find an approprimation for 295, giving

your answer correct to 5d.p.

Solution
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(a.) Express f(x) in partial fractions
(b.) Expand f(x) up to terms including x3.
(c.) State the set of values of x for which the series is valid.
Solution
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**Exercise 2C Q17,20-25



Using the Polynomial Series Form of Functions To Find Approximations For The Functions

x3  x°
smx—x—§+§+
_ 1 x? x*
CcosXx _§+E+

So if you take terms in x3 and higher powers of x to be negligible, then

2
. X .
sinx = xandcosx = 1 — 5 where x is small.

Also

tanx = +x3 +2x5 +-
anx = x 3 15

So for small x, tanx = x.

Example

sin 2x

Find a quadratic polynomial approximation for , give that x is small.

Solution
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Example

3sinx

Given that x is small, show that =
24+cosx

Solution

3sinx = 3(5?" )
(24ar2) = (24 /~Z 7
ﬁ(jaz‘
63) (1 -
_ 3//'2{‘) ;g(l CN% )k )




2 ren2
3
:v:z:r%-z’_z’
T 3¢
o> 2-Z
76
~ 2

as -%—Z wnbe negloteh as x s small

Example
. 1-cos4x+xsin 3x
Show that llm > = 1 1
x—0 X
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**pg 29 Exercise 2E (use the standard Maclaurins results in the formula booklet)




