Summation of Finite Series Using The Method Of Differences

n
Zr =1+ 2+ 3+ -+ n (frontwards)
r=1

n
Zr= n+ (n-1)+ (n- 2)..3+ 2+ 1 (backwards)

r=1
Adding:-
n
ZZr= n+ D+ m+ D+ + D+ -+ D+ (n+ D+ (n+ 1)
r=1
(n terms)
n
227‘: nn+ 1)
r=1
Result 1:-

n

Zr= %n(n+ 1)

r=1

Note:- Here is another way you could sum the series1+ 2+ 3+ -+ n.

Consider the identity
2r=r(r+ 1) - (r- Dr

Taking successive values 1,2,3,....,n for r, we get:-
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This method is called summing a series by the method of difference.

Genereally if it is possible to find a function f® such that the rth term u, of a series can be expressed as

n
r=1

= f(r+ 1) - f(r),thenitis easy to find

We have forr=1,2,3,...,n
w = f(2)- f(1)
u; = f3) - f(2)
uz = f(4) - f(3)

u, = f(n+ 1) - f(n)
Adding:-

n

D u= flr D= F()

r=1

because all the other terms on R.H.S. cancel out.

Example 1:-Find
n
PR
r=1

Consider the identity
24r2+ 2= (2r+ 12 - (2r- 18

And take r=1,2,3,...,n.
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Result 2:-

n
1
Zrz = gn(n+ 1)(2n+ 1)
r=1
Example 2:-Find
n
2"
r=1
ar3 =r(r+ 1)%- (r- 1)%r?

Consider the identity

And take r=1,2,3,...,n.

Solution
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Result 3:-
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Example 3:- Find

;r(r + 1)

3rr+ D =r(r+ Dir+2)- (r- D)+ 1)

Consider the identity

And take r=1,2,3,...,n.
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Results for the sigma notation:-

1.
D aft)=a) £
r=1 r=1
Proof:-
D ()= af(D+ af @D+ af )+ -+ af ()
r=1
D af@) = alf (D + f@)+ fG)+ =+ f()]
r=1
Z af(r) = aZf(r)
2.
DM+ gm= D f@+ Y g
r=1 r=1 r=1
Proof:-

D@+ g = FW+ g+ F@)+ g2+ = fm) + g(n)
r=1

D@+ g = [FW+ f@+ =+ f)]+ [g(1) + 9@+ ~+ gm)]
r=1

Zn:f(r)+ g(r) = Zn:f(r)+ Zn:g(r)
r=1 r=1 r=1



Telescoping Series %)/(4//9 e as he "/d(/(? JQJ(Z
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Example:- Find the value of e &Céﬂ( l% OO

Z (2n - 1)(2n+ 1)
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The above is an example of a telescoping series, since the terms of S;,, other than the first and last, cancel out in
pairs.



' Summation of Finite Series Using Standard Results

N

=1
Zr =-nn+1)
past

Zrz = %n(n+ D2n+ 1)

r=1
n
1
Zr3 = an(n+ 1)*

r=1

Example:- Find

Solution
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Example:- Show

n

Zr(r+ 1) = %n(n+ 1D (n+2)

r=1
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Example:- Find the following in terms of n.
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***Questions P3 book page 18 Ex2B Q1-3,5,-7,9-11,13,14,17,19



