Complex Numbers 2

m Exponential form of complex numbers

You can use the modulus—argument form of a
o . The modulus-argument forrm of
complex number to express it in the exponential , 2 o
., a compiex number is = = r{cos # + isin 4)
form: - =re". where r = |-] and # = arg -.

. i . . i « Book 1, Section 2.3
You can write cos 7 and sin # as infinite series of powers

of #:
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You can use this expansion to define the exponential - CC"(f/ va [ f/;‘é
function for complex powers, by replacing x with a 67/2 . :
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the imaginary number if, you get 4
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By comparing this series expansion with (1} and (2), you can write e as

This formula is krown as Euler's relation.

ef =cost +isingd
Itis impertant for you to remember this result,
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* You can use Euler’s relation, e" = cos 0 + isin 6, @ Substituting @ = = into Euler's

to write a complex number ; in exponential relation yields Euler’s identity:
form: *etebd
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t=re This equation links the five fundamental

constants 0, 1, 7, e and i, and is considered

wherer=|zlandf=arg:.
an example of mathematical beauty.



Express the following in the form re®, where =i < = =0,
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Express = = 2 = 3iin the form re”. where - < 8 = 5.

b= =04073(3.4)
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Express z = v2e ¥ in the form x + iy, where x, y € R.
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Express z = 2e 5 in the form r(cos 6 + isin 8), where -7 <@ < 7.
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= cos + isin 6 to show that cosd = 3(e” + ™).
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{2 Multiplying and dividing complex numbers
You can apply the modulus—argument rules for multiplying and dividing complex numbers to
numbers written in exponential form.
Recall that, for any two complex numbers z, and z,,
* 215 = 3%
o arg(z,z)=argEy +argE
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CLLE T These results can be proved by

12l considering the numbers =, and z; in the form
22| r(cos @ + isin ) and using the addition formulae
for cosand sin. ¢ Book 1, Section 2.3
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* arg (3) =arg(zy - arg(z,)
Applying these results to numbers in exponential form gives the following result:
®u If z, = €% and 7, = r,el%, then: & AR
| CNEMA T Yoy cannot automatically assume
* 2,2, = Iyr,el6+ 8 the laws of indices work the same way with
P complex numbers as with real numbers. This

result only shows that they can be applied in
these specific cases.
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De Moivre’s theorem

You can use Euler's relation to find powers of complex numbers given in modulus—argument form.
(rlcos 6 + isin )2 = (re")?
= ’-es(l X rei()
= ,.Z eiZﬂ
= r2(cos 26 + isin 26)
Similarly, (rlcos @ + i sin8))* = r*(cos 3@ + isin 36), and so on.
The generalisation of this result is known as de Moivre’s theorem:

® For any integern,

(r(cos @ + isin 8))" = r"(cos nO + isin nd)




You can prove de Moivre's theorem quickly using Euler’s relation.

(cos @ + isin@)" = (re®" , o )
P This step is valid for any integer
- el UM
=r'e exponentn. ¢ Exercise 1B, Challenge

= 1"cos nf + isin né)

}(ou can also prove dde.Mowres theorem for positive [EETED) i oot uses the method
integer exponents directly from the mgdulus— N of proof by Induction.
argument form of a complex number using the addition « Book 1, Chapter8

formulae for sinand cos.

1. Basis step

n=1; LHS = (r(cos @ + isin O))! = r(cos @ + i sin 6)
RHS =1*{cos 16 + isin 16) = r(cos @ + isin f)

As LHS = RHS, de Moivre’s theorem is true for n = 1.

2. Assumption step

Assume that de Moivre's theorem is true forn =k, k € Z*;
(r(cos 8 + i sin 8))* = (cos kf + i sin k)

3. Inductive step

Whenn =/ +1,

(rfcos B +isin))*! = (r(cos 0 + isin 6)* x r(cos  + isin g)
= rh(cos kO + isin k6) x r(cos 6 + isin ) ~—— By assumption step
=rk+1(cos k8 + isin k6)(cos  + i sin )
= r**1((cos k6 cos 6 - sin kO sin §) + i(sin k@ cos @ + cos kA sin §))
=rk+lcos(kf + 6) + isin(kO + g) -
=rk+lcos((k + 1)6) + i sin((k + 1)8)

Therefore, de Moivre’s theorem is true when 1 = & +1.

By addition formulae

4. Conclusion step

If de Moivre’s theorem is true for = k, then it has been ""{.ﬁr The corresponding proof

shown to be true forn =k + 1, for negative integer exponents is
left as an exercise,

- Exercise 1C, Challenge
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As de Moivre’s theorem is true for »n = 1, it is now proven to
be true forall n € 7+ by mathematical induction,
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Use de Moivre’s theorem to show that
cos 60 = 32costd — 48cos* 6 + 18 cos?@ -1
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You can also find trigonometric identities for sin” g and cos” @ where n is a positive integer.
If z = cos @ +isin@, then

1ozt =(cosf+ising)”
= {cos(—0) + i sm( 9)) Apply de Moivre’s theorem.
=cos@—ising - Use cos @ = cos (=8) and -sin 8 = sin (=6).
It follows that

—cosf+isinf+cosf—isind= 2cosf
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—cosf +isin - (cosf—isind) = 2ising



Also,

' = (cos @ +isin )" = cos nb + isin nb By de Moivre's theorem.
71 = (cosd +isin)™
(cos(——ne ) + isin(-n6)) Apply de Moivre’s theorem.
0s nf — isin nd Use cos 8 = cos (—6) and sin (-6) = —sin @,

It follows that
z"+%=cosm9+ isinnd + cosn — isinnb = 2 cos né

7' - —_1,7 =cosnf +isinnf - (cosnh - isin nb) = 2isin nb

It is important that you remember and are able to apply these results:

" 74 % =2cos0 |y :1«, =2 cos né IND| n exponential form, these results are
N equwalent to:
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Express cos’ 6 in the form acos 58 + bcos 3 + ccos 6, where @, b and ¢ are constants,
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a Express sin*@ in the form dcos 46 + ecos 20 + f, where d, e and fare constants.

5
b Hence find the exact value of f sin* 0 dé.
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1= nthroots of a complex number

You can use de Moivre’s theorem to solve an equation of the form z/ = w, where z, w € C.
This is equivalent to finding the nth roots of w.

Just as a real number, x, has two square roots, vVx and —/x, any complex number has # distinct zth roots.

® If zand w are non-zero complex numbers and r is a positive integer, then the equation 7' = w
has n distinct solutions.

You can find the solutions to z# = w using
de Moivre’s theorem, and by considering the fact
that the argument of a complex number is not unique.

QLD cos (@ + 2kw) = cos 6 and
sin (€ + 2kn) = sin @ for integer values of .

® For any complex number z = r(cos 6 + isin 6), you can write z = r(cos (0 + 2km) + isin (0 + 2k)),
where k is any integer.

Example ¢L);
a Solve the equation z3 = 1.
b Represent your solutions to part a on an Argand diagram.

¢ Show that the three cube roots of 1 can be written as I, wand w? where | +w+ w?=0.
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m |n general, the solutions to z” =1 are z = cos (E%If) + isin(-z—;j—k) =e%fork=1,2,...,nand

are known as the nith roots of unity.

If nis a positive integer, then there is an nth root of unity w = e such that:

« the nth roots of unity are 1, w, w?, -+, w"!

¢ 1, w, w?, -, w"! form the vertices of a regular n-gon

s l+w+w+..+tw™l=0
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Solve the equation z* = 2 + 2iV3.
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Solve the equation z* + 42 + 4iy2 = 0.

ledmase 2 4 4

| 4 / Mﬂ/a,:'l(//g/%(hﬂ/ 7

vi| Kes 5

3T
bry = "
= 2. <& (o C7Y) tisinl~! / f@?(/ 1241 )i ,«/ /2(//7}

7 Y+ 1 _, 7 . 1
R DRRC

o T
=0 2= 7¢ %
| L
%:/ Z = 2 € .
B
-1 2=2e ™ =7,
Cé aould e wrtter

2 Z(cn ;;mh(;ﬁ),)
b= 2[617 1t Sin LL)
Z;t 7(627(’%) ’—/5/'\/// /)

~IT -
X

® The nth roots of any complex number « lie Nota LI The centre of a
at the vertices of a regular n-gon with its regu[ar polygon is considered to

centre at the origin. be the centre of the circle that
passes through all of its vertices.

The orientation and size of the regular polygon will
depend on a.



For example, the sixth roots of 7 + 24i form this

regular hexagon. Each vertex of the hexagon is

equidistant from the origin, which lies at the centre
Re of the circle passing through all six vertices.

@ Explore nth roots of complex

numbers in an Argand diagram using GeoGebra,

You can find the vertices of this regular polygon by finding a single vertex, and rotating that point
around the origin. This is equivalent to multiplying by the nth roots of unity.

8 If z, is one root of the equation 7 = s,and 1, w, w?, ..., w*1are the nth roots of unity, then
the roots of z” = 5 are given by z,, z,w, Ziw?, L,

The point P(v3, 1) lies at one vertex of an equilateral triangle. The centre of the triangle is at the origin.

a Find the coordinates of the other vertices of
the triangle.
b Find the area of the triangle.
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HRInary o) Ana?

1 You can use Euler’s relation, e = cos 8 + isin 6, to write a complex number z in exponential
form:
z=re¥

where r=|z|and f = argz.

2 For any two complex numbers z; = rie and z, = r,e’,

C I3 = "1l'zei(01+()i)

21N, -0,

¢ —_— =R

Z; ¥

3 De Moivre's theorem:
For any integer n, ((cos @ + isin 6))" = r""(cos nf + isin n6)

4 - :+;}—=2cos() . z”+%=2c05/10
-:—}:=2isin9 '2"-—%=2isinn€)
5 Forw,zeC,
: "ilwzr o wz w4zt = W2
por z-1
. iwz' =W+ wz+wzl+ ... :——"—;—_, lz] <1
r=0 &

6 If zand w are non-zero complex numbers and n is a positive integer, then the equation z" = w
has n distinct solutions.

7 For any complex number z = r(cosé + isiné), you can write
z =r(cos (6 + 2kn) +isin (0 + 2km))
where k is any integer.

8 In general, the solutions to z# =1 are = = Cos (sz) +isin (g%/—c) =e¥fork=1,2, ..., nand
are known as the nth roots of unity.
If nis a positive integer, then there is an nth root of unity w = e such that:
- The nth roots of unity are 1, w, w?, ..., w"!
« 1w, ..., w"tform the vertices of a regular n-gon

cltwtwft L +w =0

9 The nth roots of any complex number s lie on the vertices of a regular n-gon with its centre at
the origin.

10 If z, is one root of the equation =" =5, and 1, w, w? ..., w""! are the nth roots of unity, then the
roots of z = s are given by z;, zyw, zjw?, ..., WL



