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Complex Numbers Question Booklet A21

-P4 book P92 Ex3A Qlabcegjk,2aegi,3,7 (*A2)

Exercise 3A

1 Write the following in the form (i) r(cos 8 +isin ) (ii) reia,
—n < 0 < x, giving 0 either as a multiple of # or in radians to 3
significant figures.

(a) 51 (b) 7 ' (c) —3i (d) —6
(€) 1+iv3 () 3v3-3i (g) -3+4i (h)1-i
: . . 2 8 3—-21
(1) 6—8i : k 1
® 1 —iy/3 ()\/34 ® 1+ 4i
2 Write the following in the form a + ib, a,b € R:
(a) 3(cos ¥+ isin %) (b) —5(cos £ —isin )

(©) 6[cos (—%) +isin(—%)] (d) —4(cos 3 +isin 3¢)
(e) 2(cos & +isin 2%) x 5(cos ¥ +isin £)
7(cos £ +isin

(£) [3(cos 2= +isin 72)]° (&)

N
p

3(cos % +isin
6(cos % + isin %)

h 4
t 2(cos £ —isin %)

(i) [2(cos 3% +1isin ?—’3‘)]3

- [2(cos 2 +isin £)]°
3(cos £+ isin £)

3 Simplify, without the use of a calculator

(cos £ —isin 2)’

(cos % +isin —Z}-f

7 Use tht; fact that e*sin3x = Im (exeih), to find

J e* sin 3xdx

[L]



ANSWERS

Exercise 3A
1 (a) (i) 5(cos Z+isin %)
(i) se?

(b) (i) 7(cos0+1 sin 0)
(ii) 7¢°

© () 3[cos(—%) +isin(-3)]
(i) 3”7

(d) (i) 6(cosm +isinm)
(i) 6e™

(e) (i) 2(cos% +isin )
(ii) 2¢%

(f) (i) 6[cos(—%) +isin(—F)]
(if) e~ ¢
(g) (i) 5(cos2.21+isin2.21)
(11) Sez.mi
(h) () v2[cos(—%) +isin(—5)]
(ii) v2e™ T
(i) (i) 10[cos(—0.927) + isin(—0.927)]
(ll) IUE-G,QZ‘H

(j) (i) cos% +ising
(i) ¥

(k) (i) 2(cos¥+ising)
(ii) 2¢*

@ () Y22 [cos(~1.91)+isin(~1.91)]
("-) _-}%2% e—l.?li

2 @ 2(1+iv3) ) -%+%
@© 3v/3-3 (d) 4
(e) —10 ) —3(V3+1)
@® s50+) () (=141
() 4-v3+D) () 3(/3+D)

3 e =1

4 sinhzcoshw + coshzsinhw

tanh z + tanhw
1 + tanhztanhw

6 1 —tanh’z
7 e (sin3x —3cos3x) + C




P4 book P103 Ex3B Q1-6, 9-12,13b, 14-17, 23,24 *a|SO & 18-22

Exercise 3B

1 Use de Moivre’s theorem to simplify:
(@) [cos Z +isin 2" (b) [cos & +isin &]°
(©) [cos(—2) +isin(—%)]" (d) (cos & —isin &)’
- 2 Express z = 2(1 —iy/3) in the form r(cos 6 + isin 0).

Hence find 2% and iﬁ in the form a + 15.
z

3 Express z = (1 = i) in the form r(cos 6+ isin H). Hence find z*

and —1? in the form a + 1b.
z

(cos % +isin %)*

4 Simplify (L]

(cos & —isin )’
5 Find sin 50 in terms of sin 8.

6 Find sin 36 in terms of sin 0.

7 Find cos 70 in terms of cos 0. .

8 Find sin 76 in terms of sin .
9 Find tan 36 in terms of tan 8.

10 Find tan 56 in terms of tan6.

11 Express (a) cos’  (b) cos®0 (c) cos’@ in terms-of cosines of
multiples of 6.

12 Express (a) sin"f in terms of cosines of multiples of 6

(b) (i) sin’6 (i) sin’@ in terms of sines of multiples of 6.
iy Wb

13 Find (a) J sin*0 do (b)Jcosﬁﬁdﬁ‘ () J sin* 6 cos?6 do.


*also Q 18-22


14

15

16
17
18

19

20

21

22

23

24

Find, in the form re'®, the cube roots of:
@1 (b)-1 (0)=5+12i (d) :—%—i
Solve the equation

Z24+1=0
Find the cube roots of 21 + 72i.
Find the fourth roots of unity.

One root of the equation 2z° — 922 +30z — 13 =0 is 2 + 3i.
Find the other two roots.

One root of the equation z° — 10z% +337 —34 =0 is 4 4.
Find the other two roots.

One root of the equation 2z° — 522 4 127 — 5 = 01 1-—2i,
Find the other two roots.

One root of the equation z* + 323 + 12z — 16 = ¢ 1s 2i. Find
the other three roots.

One root of the equation 2z* — 112 42722 =25, £ 7 = 0 s
2 — iv/3. Find the other three roots.
If2cosf =z + 271, prove that, if n is a positive integer,
2cosnf =z" 4 77"
Hence, or otherwise, solve the equation
32 -2 4222 z43=0 |
given that no root is real. [L]
If z = cos 6 +isin 6, show that
z'+z7" =2cosnb and z" — z7" = isinn @

Hence deduce that

cos®0 + sin®0 = L (3cos 40 + 5) [L]



ANSWERS
Exercise 38
1 (a) cos4n +isindn =1
(b) cos %5 + isindF = -—%+id\"—3
(c) cos(—Z) +isin(—%) =%~
(d) cos (—%) +isin (-5
2 afoo(-§) +isn (- 4~ 19)

)

j;s(—“'L)
3 V2[cos(—%) +isin(—%); -4
T (1 —1)
4 (cos%+isin§)9:cosn+isinn:—l
5 16sin’ 0 — 20sin’ 0 + 5sin @
6 3sinf — 4sin’
7 —7cos0 + 56cos°0 — 112cos°0 + 64 cos’6
8 7sin6 — 56sin’0 + 112sin°0 — 64sin’§
9 3tanf — tan’ 0

1 —3tan®6
5tan0 — 10tan’ 6 + tan’ 0
] - 10tan? 6 + 5tan® 0

10

11 (a) -k (cos 50 + 5cos 36 + 10cos 6) |
(b) = (cos 66 + 6cos 46 + 15cos 20 + 10)

(¢) 5 (cos76 + 7cos 560 + 21 cos 36
+35¢cos 6)

12 (a) L(cos46 —4cos20+3)
(b) - (sin 50 — 5sin 30 + 10sin 0)
(c) —2;(sin70 — 7sin 50 +21sin 36
F355in0)
13 (a) %(* sin40 — 2sin 20 + 30) + C
(b) 25 (& sin66 + 3 sin46
+15 5in26 + 106) + C
(©) L5 sin 660 + 2 sin40 — g5 sin 20

192
+ 16+C

14 (a) ¢®+8) k=012
(b) (F+9) Kk =0,1,2
(c) \7(13)3(1%“%) where & = 1.965
(d) (¥ +E) f = 0,1,2

15 z=e®F+3) £ -0,1,2,3 4

16 /75655 k= 0,1,2

17 1, -1,1, —i 18 2-3i, &
19 4-1,2 20 142i, 1
21 -2i, —4,1 22 2+1v3, 1,1
- Zﬂ:;\/s,_ulizi\/?,




Partial Fractions

-P2 book P32 Ex1D Q6-10, 12, 23,24, 28,29,31,33,35

Express as partial fractions:

2x +5 2x +2
(x+2)(x+3) (x=D){x +3)
x+1 x+7
(x+3)(x +4) X +5x+6
2x% 4+ 12x — 10

(x-1)(2x~1)(x+3

x> —2x+9

iﬁ\.':l 3x2 x4
) (x? +4)(x — 2)

7 /g L 2x +4x -4
8 i
(%% 4 3)(x - 3) G(x2 +5)(2x + 3)
—6x% 4 x — 12 . 2,
(10 —2x° +13
Z > 10 )
(5+2x%)(x+3) = xR 2x 4 7)
g 2T @;:24-4;:4;?
(x — 5)° (x +3)
—3x2 4+ 10x + 5 14 —5x* +8x+9
2
(x+2)(x — 1)? (x+2)(x—1)
10x +9 : 16 X :
(2x+ 1)(2x +3) X =
x2 x? 41
x—1 8 x?—1
x2+2 a0 X
20 3
x(‘x—- 1) oy, X — 1




9 — 2x — 2x° 4x* —3x+2

A (1+x)(2-x) 2 s
204+ 1067 4 123 4 | (pqoX X = 2x+4
(x +2)(x +3) x*—4
’s —xt =X - x =2 13
2(x+ 1) S (2x—3)(3x +2)
_ 4x% +5x+9 @x3+4x2+3x+4
%2_{-,- (2x — 1)(x +2) (3 + 1) (x + 1)°
b5 4x% 4 6x3 +4x* +x — 3 30 4x +3
x2(2x + 3) (2x = 1)(3x+1)
x4 3x2—2x=35 3x2 4+ 12x + 8
b, 2 2 :
- D2+ 2) (2x +3)(x* —4)
@ B3oxt—1 » x*+2x+3
x(xE +x+ 1) xz{x + 1)

b



Answers

xercise 1D
1 1 " 1 1 n 1
x+2 x+3 x—1 x+3
3 3.2 5 4
x+4 x+3 x+2 x+3
5 1 ‘2 1
x—1 2x—-1 x+43
6 x2+1 2 7' 12
x24+4 x-~2  x-3 x243
g 2 2 "9 13
X245 2x+3 542x? x+3
0 2 2x+!
2x+1 x2+42x+7
2 3
x=5 (x-5)°
1 B 2 4
43 (137 (x13)
4 3
(x—l)qu+2
14 4 2 3

15

16

18

20

21

(X'—'I)Z_ x—~1_x-i-2
1 1 3

2x+lm2x+3+(2x+3)2
14— 17 x+1 !

x—1 x—1

1 1 2 3
1+x-1—x+i =2+
- 1 1

2(x~1)  2(x+1)

3 1
R
+x+1+x—2

1 3
-

l—x 14+2x
2x + 1 -~ 1

24

25

26

27

28

29

30

31

32

33

35

x+1 3 — :
xX—2 x+2
mx+l_2 1
x x2 x+1
2 B 3
2x—3 3x+42
2 1 3
+ - 7
2x—1 X+ 2 (_x+2)
1”+_I N 2
x*+1 x+1 " (x41)?
o+ 2 _“L 1
2x+3 x2 x
2 1
Zx—1 3x+1
3 1 3 —-2x
- 5t 3
x—1 {x"]) x4+ 2
11 1 N 13
Tx—2) x+2 72x+3)
-1 a
x x24+x+1
3 01 2
x2 x x4+1
1 —x+2




Summation of Series

- P3 book P15 Ex2A Q1,3,4,7,9,10

In each case, use the identity given to find the sum to n terms of the
given series.

Identity Series
| 1 1 z 1
1 =-—
rir+1) r r+1 gr(r+l)
2 4l=(r+17 -1 Y (r+1)
r=1
2 1 1 L 1
3 421" 2r—1 2r+1 ;4;-2—1
4 rz(r—{—l)—(r—-l)z(r)z?,rz—r Zr(Sr—l)
r=1
rr—-1_ 1 . 1
> r+1 7 =r(r+l) ;r(r+l)

6 4r(r+ 1)(r+2)=r(r+1(r+2)(r+3) ir(r+ 1)(r+2)
=D+ D+

r=1

2 o 1 n 1
7 rr+0)(r+2) " rr+1) r+1)(r+2) Zr(r+1)(r+2)

P+ (1) =+ 1)

2r+1 1 1 z": 2r + 1

9 Use the identity (r+ 1)’ — ¥ =312+ 3r + 1 to find

Zn: r(r+1).
r=1

1
10 Show that e CESM

| . ¥
T (r+ 1Y

2 r
Hence find N ——
rZ___l: (r+ 1!

10



- P3 book P18 Ex2B Q1-3, 5-7, 9-11, 13, 14, 17, 19

Evaluate:

1

10

11

12

13

14

15

16

17

18

19

20

13 11
E r? 2 Z P
r=I1 r=4

19 20 1

> or(r+4) 5 ,Zr(r+1)

r=1

i@ Z(r+3J(r+ 6)

r=1
23

Zr(r+ )(r+2)

r=3

i
Show that » "(2r — 1)* = ln(4n? - 1).

r=1

Show that > r(2+7) =1n(n+1)(2n +7).

Given that f(r) = *1— show that

r(r+1)

£~ f(r+1) = —— =

24

3 Zr(r+1)

r=11

16

6 > (r+2)
r=3

9 i(Er—l)s

r=d4

rir+ 1)(r+2)
25

Hence find Z
r=5

r(r+1)(r+2)

1 n
r NG +2) 2n+2)

Find the sum of all even numbers between 2

Prove that Z

excluding those which are multiples of 3.
100 200

Find ZZrz - Zrz.
r=1 r=1
Find the sum of the series
1P—22432 -4 4 ... — (2n)?
H
Given that u, = r(2r + 1) + 22, find Z“"

and 200 inclusive,

11



ANSWERS

Exercise 2A
1

1 1 - 2 n?+2n
n+1
n
4 n? 1
3 2n+ 1 m(nt1)
n
> n+1
6 in(n+1)(n+2)(n+3)
. H(H+3] H(H'I‘Z)

4(n+1)(n+2) 3 (n+1)?
1

9 In(n+1)(n+2) 10 1-

(n+1)!
Exercise 2B
1 819 2 4320 3 4760
4 3230 5 % 6 29141

7 2953 sf) 8 0.1655 (4 d.p)

9 130663 10 89670 13 %

n
14 g{n-l-l)(lcln-kl) 15 3%
17 6734 18 —2010000

19 —n(2n+1)

20 g(n+ 1)(4n +5) + 23 — 8

12



Induction

- P4 book P279 Ex8A Q1-6, 9, 17, 20, 25, 29, 30, 34 Extra Q8, 13,15

Exercise 8A

In questions 1-15, use the method of mathematical induction to
prove the result given.

., .
1 Zr‘z:},:)"l(.'?-{~ 1)
r=1

2 i}fz:—%n(n—l—l)(%—l—l)
r=1

3 rr+ D) =1inm+1)(n+2)

or=1

4> riM=@m+1! -1

r= |

. 1 _n
3 Z(r+ Dr+2) 2n+2)

r=1
s n
6 14+ 2x43x% + ... +nx""1= I xz__ nx
(1-x) I —x
n
7Y r@r=1)=r*n+1)
r=1
M .
. 4no
8 sin?(2r — 10§ = L - 22
; ( 0=1 45in 20
n_ar n+1
o (7+4)' (H+4)'

10 zn:r(r—l- 1)? =n(n+ 1)+ i)(3n +3)

r=1



11

12

13

14

15

6

i
Z2r—1_6_2n+3

— 2:-—1 n—1
n - 2
> sin (2r — 1)g = S0
— sin 0

sin &

r=1

Zcos Q2 — 1)) = sin nf cos nl

Z cosec (2'6) = cot O — cot (2"6)
r=1

n
> tanrftan (v + 1) = tan (n + @ cotd —n—1
re==1

Given that n is a positive integer, prove that
(cosf +1isin6)* = cosnd +1 sinnh

!
17 Given that"C, = -———E'—~——-, show that
ri(n—r)
ﬂ"-l-*lCr — nCr +n Cr.—]
Use the method of mathematical induction to prove that

(1 +x)" ="Co + "Cix + "Cox? + ... £ "C,x"
where n is a positive integer.

18 Use the method of induction to show that
2n

Zr3 = n*(2n + 1)

r=1
19 Given that n is a positive integer, prove that n(# + H@n+1)is
divisible by 6.
20 Given that n s a positive integer, prove that 3%+2 4 p6r+3 4
divisible by 17.

14



21 (a) If nis an odd positive integer, prove that 2" + 1 is divisible
by 3.
(b) If nis an even positive integer, prove that 2" — 1 is divisible
by 3.
22 Given that nis an even positive integer, prove that (2% - D)is
divisible by 5. |
23 Given that n is an odd positive integer, prove that (52" 4- 1)1s
divisible by 13.

24 Given that 4, = 2"*2? 4+ 3 +1 show that
Ans1 — 24, = 7(3"+1)
Hence use the method of mathematical induction to prove that

A, 1s divisible by 7, where n is any positive integer.

25 Given that m is an odd positive integer, prove that
(m* +3) (m* + 15) is divisible by 32 for all such values of m.

26 Given that n is a positive integer, prove that 3*" + 11 is divisible
by 4.

27 Given that n is a positive integer, prove that (3n + 1)7" — 1 is
divisible by 9.

28 Given that 0 < x < £, and n is a positive integer, prove that

(1 —sinx)" < 1.

29 Given that n is a positive integer, use the method of
mathematical induction to prove that

h : 2
Z 2> (H + 1)
r=1 2
30 Given that » is a positive integer, prove by induction that

= 14243+...+n>in’

\\.J

15



31 Given that » is a positive integer, prove that
2n—1

i 3 5
Ly34s4 4
2 4 6 M

<n-—+,fornx2

32 Given that n is a positive integer, prove that

2n—1
) 3 5 1
rtgtet . += > gn forn>2

33 Gaven that n is a positive integer, show by the method of
induction that

n
— <3434+ <n fornz2

2 n-+1

34 Given that » is a positive integer where n>2, prove by the
method of mathcmatica‘l induction that

n—1

(a) Zr <-—

re=]

(b)Zr >--

F=1

35 Given that n is a positive integer, prove by induction that

D =dnm+ D+ DGR £3n 1)

r=1

16



Maclaurin’s Theorem

- P3 book P22 Ex2C Q17, 20-25

In questions 1-15, find, in ascending powers of x, the expansions up
to and including the term in x°, simplifying the coefficients. State the
set of values of x for which the expansion is valid. |

1 (1+x)7° 2 (1-x)7° 3 (1-x)7°
4 (1+x)7 5 (1+x) 6 (1—x)
7 (1-3x) 8 (1+3x)7 9 (1-ix)?
10 (1+6x)7" 11 3+x)7" 12 (2-x)2
13 (44 3x) 14 (8- 5x)F 15 (100 + x)

By using partial fractions find, in ascending powers of x, up to and
including the term in x°, expansions for the functions of x given in
questions 16-20. State the set of values of x for which the expansion
is valid.

2 - 3x 3 2
16 1 —3x 4 2x2 17 1 4+ x—2x2 18 x24+2x—8
1 8 —x
19 x24+3x+2 20 x2—x—6

21 Given that |x| < 3, expand (1 + x)*(1 - 2x)‘f]‘- in ascending
powers of x up to and including the term in x°, simplifying each
coefficient.

22 Given that |x] > 2 find the first four terms in the series

:
expansion of (1 — w) in descending powers of x.
x

By taking x = 200 use your series to find a value of 1/99, giving
your answer to 7 decimal places. Use your series to find v/101 to
the same degree of accuracy. ‘



23 The series expansion of (1 + px)? in ascending powers of x has

24

25

26

coefficients of —10 and 75 in the x and x? terms respectively.
(a) Find the value of p and of g.
(b) Find the coefficients of the x® and x* terms in the

expansion.
(c) State the set of values of x for which the series is valid.

+x\? |
in ascending powers of

Given that |x| < 1, expand G -

x up to and including the term in x2.

The coefficients of x and x? in the expansion of

(14 px + gx*)~% in ascending powers of x are 4 and 14
respectively. Find the value of p and of ¢.

The coefficients of the x and x* terms in the expansion of
(14 px)? in ascending powers of x are —6 and 6 respectively.
(a) Find the value of p and of g.

(b) Find the x* term and the x* term in the expansion.

(c) State the set of values of x for which the expansion is valid.

18



- P3 book P26 Ex2D

Using Maclaurin’s expansion, and differentiation, show that:

~ x? X P X
1 e"=1-—~x+—j——!-—ﬁ+-..+(_1) ?!_.;_...
2 (1-x)"=14x+x24+x3 4 +x 4.
. 2!’ r
3 e =14+2x+ 22 +4x3 4+ + : +oe
. | x3 x5 , ;;-2!"'“1
dosinx=x—ogrdg -+ (=) @y
x2 x3 x
5 —X) = —x— e
In(1 — x) X =53 ,

Find the first three non-zero terms in the Maclaurin expansion of
the function given in ascending powers of x:

1
6 tanx 7 sin’x 8 In (i—i—i) x| < 1

9 (1-2x2) 10 e cosx

19



- P3 book P22 Ex2E

Exercise 2E

1 Given that x is small, find the constants 4 and B such that
(x + sinx) cos x ~ Ax + Bx
2 Given that x is small, find the constants C and D such that

tan x ~ Cx + Dx?

3 Find lim (Sm(g +x) —sin 3) .

x—0 sin 2x

4 Given that x is small, show that

SIN X — XCOS X
X3

~ 1
3

5 Given that x is so small that terms in x> and higher powers of x
may be disregarded, show that

2
| PR =7t

6 Show that for small x:

7 Given that x takes a value near 7, explain why cosx = — x.
Use this approximation to find (to 2 decimal places) the smallest
positive root of the equation

COS X = —
10

20



10

Given that x 1s small, show that

¥ = | 4+ x +1x* + 4x3
and determine the value of A. You may assume that terms in x
and higher powers of x can be disregarded.

4

2

Evaluate: (a) lim( , mx o ) (b) lim( -
sin” x

x=0\SINnX — XCOS8SX x—0

In(1+ x) mx)

Given that x is small and that terms in x* and higher powers of
x may be disregarded, show that

In(secx + tanx) = x + ¢ x>

21



ANSWERS

1 1-2x432 42 +...,  |x]<l1 © Il <3
2 14+3x+62 4103 +..., |x| <1 24 1+5x+5x"
3 14+5x4+15x2 4353 +..., |x <1 55 p=-24=-1

1., 3.2_5.3 26 (a) p=—4,9=% (b) 4x", 6x°
4 1—gx+gx —gx +..., x| <1 © x| <}
5 14+3x+3x—%x*.., x| < 1 *
6 1-2x—2x7 -3 . x| <1 Exercise 2D
T l-x—x?-3x— . |x| <1 6 x+3X +Fx0. ..
8 1-x+2x2-Bx+... x| <3 7 -t
10 1-6x+36x"-216x"+... |x] <! 9 1—xi-gat...

_ s 3 10 1+x—1x°...

x x* x

Exercise 2E
12 j+ix+Ex2 483+ x| <2 1 A=2,B=-1 2 C=1,D=1
13 2+3x-x+3x3—...  |x <$ 3 13 7 143 8 4=0
!
14 %—%f—%xz—%f—... x| <% 9 (@ —3 (by -3
3.2 L .3
15 15— 2060% + s00000 X~ — s3000006 % + -
|x] < 100

16 2+ 3x45x2+9x3 + ... x| <1
17 3 —3x+9x% — 157 +... x| <3
18 —l-g-2x2- 50— <2
19 J-2x+Ix*-LBxd+ . x| <1
20 —g+Fx—gx?+ZC . |x <2
21 T+4+3x+3x2+8x3 4,

22 1-x"'—1x2
10.0498756

X .
1x-2,9.949874 4;



CCEA Further Mathematics Further calculus o

Section 1: Improper integrals

Section test
1. Which of the following integrals are improper integrals?
M [ xox (ii) E%dx
1 . 3
(iii) Oxiﬂdx (iv) . édx

1

2. The value of the integral medx is
X
@ 3 (b) 3
(c) -2 (d) undefined
. 8 1 .
3. The value of the integral jo —dx is
X
@ 3 (b) 3
(c) 6 (d) undefined

4. The value of the integral Lwisdx is
X

@) 3 (b)1
(c) -1 (d) undefined

5. The value of the integral jozisdx is
X

@ 3 (b) —5
(© (d) undefined

e

6. Which of the following integrals can be evaluated?

(i) r;%dx

.. o 1

(i) L de
(a) (i) only (b) (ii) only
(c) both (d) neither

Mathematics @ 1lof3
Education integralmaths.org
Innovation

15/12/17 © MEI
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CCEA FM Further calculus 1 section test solutions

Solutions to section test

1, (D) s an twmproper integral as one of the Limdts is infinity
(i) ts an tmproper integral as the integrand Ls undefined at x = o
(L) is not an bmproper tntegral (the tntegrand is undefined at x = -1, but this
ls not between the Limits of the tntegral
(tv) is an mproper integral as the integrand is undefined at x = 2.

2. jﬂ dx = Ix”sd/r

g
— [ Xz/s:l
= ﬂ 2
AS 4 — @, ﬂa/s —> 0, sp the integral is undefined,

g 1 g
3, I = ol/vzf X dx
a xt'E a

k4
| = 2/3
=z x :I
(377,
Y 2/3 3 ,2/3
_zxg 54

:é_§ﬂ2/3

2

As a— 0, 4% =0, so the value of the integral is &,

Lﬂisol/( = ij* dx

=[]
1 1

= — + —
28° 2

1 ) , 1
AS 4 —> 0, —— —> 0, so the value of the integral is —.
24 2

I dxjxo!x

=[-2=]
1 1

g 2a°
i . ; .
AS 4 —> 0, — Ls undefined, so the integral is undefined,
2a

20of 3 15/12/17 © MEI
integralmaths.org



CCEA FM Further calculus 1 section test solutions

) J: % dx = _[_1 X o+ _[: X 2ox
[~ 1, +[-x"],

a 2 ¢ b

1 1 1,

AS a4— 0, b—> 0 and ¢ —> o, — and Z_> o, andl —Ls undefined,
a ¢

so the integral is undefined.

L, a 1 a
(it) L ﬁdx = L X 2ox
— [2/(1/:2 ]Z

=2a

As a—> o, \Ja is undefined, so the integral ts undefined,

30f3 15/12/17 © MEI
integralmaths.org
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Differentiation of arcsin, arcos, arctan

-P3 book P52 Ex3C Q7-15

Exercise3C

1

Find, in radians in terms of , the value of:

(a) arcsinl (b) arcsin( -J§) (c) arca:tcrsiz§

(d) arccos0 (e) arctan(—+/3) (f) arctan(2 + /3)
Giving your answer in radians to 2 decimal places, find the
value of:

(a) arcsin(0.75) (b) arctan? (¢) arccos(—0.735)

(d) arcsin(—-0.993) (e) arccos(—0.111) () arctan(—0.352)
Given that y = cosec x, —3 S X< 5, x#0, sketch the graphs
of the curves y = cosec x and Yy = arccosec x, where arccosec x is
the inverse function of cosecx, -7 Sx< L x#0.

Given that y = cot x, —3 <x <%, x#0, sketch the graphs of
the curves y = cotx and y = arccot x, where arccot x is the
inverse function of cot x, —3<x<L x#0.

Given that y = secx, 0 < x <, x # 5, sketch the graphs of the
curves y = secx and y = arcsec x, where arcsec x is the inverse
function of secx, 0 < x < 7, x # 7.

Find the smallest positive value of x for which

(a) tan2x =+/3

(b) sin(2x-3) =1

(c) sinx = cos(arctan1)

7 Differentiate with respect to x:

. ) . (1
(a) arcsin3x (b) (arcsinx)? (c) arcsin (;)
8 Differentiate with respect to x-
(a) arccos (;) (b) arccos(3x?) (c) arccos (xj- 2)
9 Differentiate with respect to x;
(a) arctan(2x) (b) earctanx (c) arctan(ln x)
10 Differentiate with respect to x:
i b) e*arccos x (c) _<
(a) xarcsinx ( p—

11

(d) arctan G ; ::Z) (e) arcsecx?

Given that y = arcsin x, show that:

d’y  dy
—_— 2 — — —— T
(1 —x%) 2 ¥ i 0

26



12 Given that y = x — arctan x, show that:
dzy dy 2
&2 2’“( B a) =0
13 Find (a) i(arcs.v:a::«:) (b) —d—(arcc tx)
T dx dx oLx):
14 Find an equation at the point where x = ;,23 of the tangent to the
CUIrve y = arccosec x.
15 Given that k is a positive constant, differentiate
(a) arccos% (b) arcsin — (c) arcl:anjr;c
ANSWERS
Exercise 3C 10 (a) arcsinx +7(11—x2)
1 (a) % (b) -3 (© % o
(d) % (e) -2 (f) % (b) e*arccosx — h—x/(l =59)
2 (a) 085 (b) 143 (c) 2.40 e arctan x — -
(d) —1.45 (e) 1.68 () —0.34 ©  arctana)?
@ 5 @ ———
6 (a) I ) 5+2 (© 3 2(1+x)y/x xy/(x* = 1)
3 2 arcsin x
7@ ey O Jaoa
: 1 -1
-1 13 @ ——r (b) —
Sy =y e A
-1 —6x T 3 2
8 _— — ——= | x -
O O imes Wro3=-3 (" ¢3)
1 -1 —k
(C) (x + 2)\/{)62 + 4x + 3} 15 (a) \/(kz . xz) (b) \/(xz . kz)
2 earctanx
9 @ +—= ®) ——= —k
1+ 4x? 1+ x? I
, © x% + k2
(c)

x[1+ (In x)?]

27



. 1 1
Integration of and
a?+x?2 [aZ—x2

-UPM P376 Ex15H Q13-24

Exercise I5SH
Differentiate the following with respect to x

. X
I. sin”' x 2. tan"g 3. sin IE
4. cos™' 3x- 5. tan"' 4x 6. sin”' 6x
7. sin"' 2x — 1) 8. tan”' (1 — 3x) 9, sin”' (x? — l_)l
10. xsin”' x 11. xtan™' x 12. (x2 + Dtan™' x
Find the following indefinite integrals '
! 1 15, | > dx
13. .[J(q' — xz)dx 14- J.J{IG — xz)dx Jg T xz
™ I - I I
16- ] 25 + xl ﬂ{x l?- ] \/(49 _ xz)dx ls- ‘[de
. | ) )
N IV P s Rl i

Evaluate the following definite integrals (leave 7 in your answers).

[ ] ) : 1 ! 3
21. | \/(36 — ."E.'z}d‘l 22, J‘_I“_"'.I-_idx 23, J: 1?1—312{3'
12 1

w ), e

o

ANSWERS

page 376 Exercise 15H
1 a 1 -3 4

Lr—— 2 o 3o 4 —
-2 *are 37— *70-w ST+6a
6. 6 7. S 8 -3 9 __2
70 = 36x9) G0 -%) TIT-6x+9x TR -
.10, sin™' x + X 1. tan~' x + —Z— 12, 2xtan”' x + |

V(I = x%) 1 + x

b X -
13. sin™! (f) +c 14. sin ‘(;—r) + ¢ 15. tan™' (g) +c 16. %tan" (g) + ¢
o= E' 1 -1 X oy X I —1 X
17. sin (7) + ¢ 18. 7 tan (7) +c 19. sin (3) + ¢ 20 3 tan 0 + ¢
21 2 T 7 T
3 22. ; 23. o5 24. 3



Repeated integration by parts/reduction formula

-P2 book P289 Ex9D Q1,3,5,6,9, 14-16,18,19

xercise 9D

Use integration by parts to find:
(1; rxe'"x dx 2 rxe3x dx
4 drxln.xdx B wln(-x— 1)dx
7 ‘x{x—l)d‘dx 8 ‘x\/(x—l)dx
10 sz cos x dx 11 [x%e*dx

é) J xsin xdx
@ xcos3xdx
@'; ‘_xzﬂ}' dx

12 Jx?’lnxdx

Evaluate each of the following definite integrals:

13 F xsin xdx
0
o
39 x(x — 1) dx
Jo
/= (Inx o
1 ——d
18/ |, > X 19,
ANSWERS

Exercise 9D

@Excos%xdx @J]

e

x*In x dx

17 E(x ~D(x+ 1) dx

E(ln x)* dx

[The constant of integration is omitted in

indefinite integration.]

—p—X I 3 1
I —e™(x+1) 2 {xe™—le
3 —xcosx+sinx

x2 x?

4 ?In]xf—z

S xlnjx-1|-x-~In|x-

6 3xsin3x+lcos3x

10
11

Ix

12

14
L

17

20

3
20 J e’ sin xdx
0

(Sx+ 1D(x=1))
30

e*(x? — 2x +2)

x2sin x + 2xcos x — 2sin x

—e ¥ (x% + 2x + 2)

8 2 (3x+2)(x— 1)}

x4
ﬁ(éﬂnx—l) 13 =

T 4

—_ e 2.3

\/2+\/2 4 15 fl+) 16 -4
84 18 L(1-de?) 19 e-2
3(ef+1)

29



-P4 book page 202 Ex5A Q 1,2,3,5,7,9-13 leave Q4 and 6 to the end

1 Given that ], = Jcos”x dx, show that, for n > 2,

-1

nl, =cos" xsinx+ (n— 1)1,

-

(L4

Hence evaluate /g for 7, = J\cos”x dx, and I, for J cos”"x dx.
0 0

2 Given that I, = J (In x)"dx, show that, forn > 1,
I, = x(ln x)n —nly_

9
Hence evaluate J (In x)>dx.
1

2

3 Given that I, = J sin”x dx, find a reduction relation between 1,
0

and I,_, for n > 2. Hence find /5 and Z.
4 Evaluate (a) [2 sin® 0 cos*0dl  (b) f sin® 0 cos®0 db.
Jo 0

5§ Use the substitution x = sin ¢ and an appropriate reduction
formula to cvaluate

1

: 1
[ x3(1 — xH)7 dx
Jo

6 Use the substitution x = sin® 7 and an appropriate reduction
formula to evaluate

1 3
J x(1 — x)*dx
0
Check your answer by using another method.

7 Using an appropriate reduction formula, evaluate, in terms of e,
1
the integral J x’e* dx.
0
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10

11

Given that I, = J cosh”x dx, show that, for n > 2,
nl, = cosh”'x sinh x + (n — 1)I,_»

Hence find Jcosh“x dx.

1
Given that [, = J x"e *dx, show that, forn > 1,
0

-1
Iy=nl,_,—e

1

Hence evaluate J x%e *dx.

0
3

Given that I, = rsec”x dx show that, for n > 2,
0

n—2 =
iy, Bl
n-—1 n—1

In—2
Hence evaluate 7.

1

Given that 7, = J —1—,— dx, show that, for n = 2,
o (1+ x2)"

2n — DI, =2'" + (2n - 3)I,—;
Hence find 7.

12 Given that I, = J PO Aol

Sin x

show that 7 28mn— Ly
n—1

o & ]n—2

T sindx
Hence evaluate J : dx and check your answer by using

z SN X

another method.

rol=

13 Given that 7, = J x" sin x dx, show that, for n > 2,

0
L=n(3)""=n(- .,

Hence evaluate /5.

31



14 By setting up an appropriate reduction formula for

x"sinh x dx and applying the formula show that

x sinh x dx = cosh x (x° +20x° + 120x) — sinh x (5x* + 60x” + 120) + C

where C is a constant.

2
15 Given that I, = J (4 — x*)"dx, show that, for n > 1;
0

8n

—_‘_In—
"1 ™!

Evaluate I,.

ANSWERS

ise S5A

35 o 128

ES6 0 315

2(In2)’ — 6(In2)> + 121n2 — 6

S L Js =0, ks =3n
s

() & (b) 2=

5

256 v
4
33

120 — 44e

. cosh® x sinh x + 2 cosh x sinh x + 3x+C
720 — 1957¢ !

b &3+ 3 In(2 + V3)

32



Hyperbolic functions, Inverse hyp fns, their definitions, derivatives and special integrals

-P3 book P76 Ex4A Q(1-3)alt,4,5,7-170dds,18,20,22,23,25

-P3 book P76 Ex4A Q26,27,29,31-33, 35,38,40

Exercise 4A

1 Express in terms of e
(a) sinh2 (b) cosh 1 (c) tanh(-3)
(d) cosh(v/2) (e) sinh (f) tanh1 — tanh(—1)
2 Find, to 3 decimal places, the values of x for which:
(a) sinhx =3 (b) sinhx=~-3 (c) coshx =3}
(d) coshx =+/5 (e) tanhx=3 () tanhx=—
3 Find the value of each of the following, giving each answer to 4

2
3

significant figures:
(a) cosh4 (b) sinh% (c) tanh(—2)
(d) sinh(—1) (e) coshm (f) tanh (e?)
4 Given that cosh x = 3, show that sinhx = +4%. Hence find the
values of e* and x.
5 Sketch, in separate diagrams, the curves with equations
(a) y=cosechx, xR, x#0

(b) y=cothx, xeR, x#0
Give the equations of the asymptotes to each curve.
6 Sketch, in the same diagram, the curves with equations
y = sinh 2x and y = sinh 3x.
Find the x-coordinates of the points where the curves meet the
line y = 2, giving your answer to 2 decimal places.



In questions 7-20, prove the given identity and, where appropriate,
check the identity independently by using Osborn’s rule when you
know the comparable trigonometric identity.

.
8
9

10

11

12

13

14

15

16
17
18

19

20

21

22

23

sinh A = —sinh(—A)

sinh 24 = 2sinh 4 cosh 4

cosh24 = 2cosh’ A4 — 1

sinh 34 = 3sinh 4 + 4sinh’ 4

cosh 34 = 4cosh® 4 — 3cosh 4

tanh? 4 + sech’ 4 = |

sinh(4 — B) = sinh 4 cosh B — cosh 4 sinh B
cosh(4 — B) = cosh 4 cosh B — sinh 4 sinh B

A+ B A—-DB
cosh ———

cosh A 4 cosh B = 2cosh

2
. ) LA A—
sinh 4 + sinh B = 2sinh ;Bcosh 5 8
2sinh 4 sinh B = cosh(4 + B) — cosh(4 — B)
coshx — 1 5 X
_—"—-_Et —
coshx + 1 anh 2
2tanh £

sinhle—g—_

1 — tanh %
coshx+sinhx + 1 =c0th£
coshx +sinhx -1~ 2

Given that sinhx =tané, 0 < 8 < 5, express cosh x and tanh x
in terms of 8.
Given that x > 0, show that
x?—1
X

Express cosh(Inx) in a similar form.
Find the value, or values, of x for which

4sinhx —3coshx =35

sinh(ln x) =

giving your answer, or answers, to 3 significant figures.

34



24

;!5

T e i
o 00 -

30

31

32

Given that tanh ¢ = J, find the value of ¢*. Hence find the exact
value of .

Using Maclaurin’s expansion for e* and e™*, express sinh x and
cosh x as power series in increasing powers of x, up to and
including terms in x° and x° respectively.

Given that sinh y = x, show that

y = In[x + (14 x3)})
By differentiating this result, show that
dy 2
1+x) (=) =1
0+ (%)
Solve the equation 2 cosh x + sinh x = 2.
Solve the equation 13cosh@ + 12sinh# = %.

Prove that cosh(x + y) = cosh xcosh y + sinh x sinh y.
Given that acosht+ bsinht = Rcosh(t + a), a > b > 0, show

that
a+b
o= %ln(a — b)

Find R in terms of @ and 5.

Using the definitions of sinh x and cosh x, in terms of e¢*, show
that for |x| < 1,

1 +x

artanh x = %ln
1 —x

Hence expand artanh x in ascending powers of x up to and
including the term in x°.
Solve for x the equation

3sech’x +4tanhx+1=10

giving the root as a natural logarithm.
Solve the equation

cosh® ¢ +sinh?t = 3

giving the answers in terms of natural logarithms.
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33

34

35

36

37

38

39
40

Solve the equation

4tanht —secht =1

giving the answer in terms of a natural logarithm.
Prove that arsinhx = In[x + (1 + x’-)i].
Given that x is large and positive, show that:

arsinh x ~ 11'12+1nx+L2
4x

Solve the equation cosh 2x = 3 sinh x, giving your answers to 3
significant figures.

Given that p = JIn2, find the value of tanhp. Find also the
values of sinh 2p, cosh 2p and tanh 2p.

A
Prove that coth 4 + cosech 4 = coth 5

Given that x = sinfcosh t and y = cos@sinh ¢, find a relation
between
(a) x,yandé (b) x, y and 1.
Prove that lim M =1
x—0 X
Prove that cosh® 4 — sinh® 4 = 1 4 3sinh? 24.

Hence show that

8(cosh® A4 — sinh® 4) = 3cosh44 + 5
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-P3 book P84 Ex4B Q1-190dds,21-25, 27-530dds, 54, 56-59

Exercise 4B

In questions 1-20, differentiate with respect to x:

1
4

7
10

13

16

19

21
22

23

24

25

L X

cosh 2x 2 sinh > 3 tanh3x
X
sech 2x 5 cosech 3 6 e*coshx
sinh? 3x 8 tanh’x 9 coth{lnx)
In(sinh x) 11 xsinh2x 12 x*cosh3x
. X
In(tanh x) 14 esinhx | 15
: cosh x
cosh x 17 ecostx 18 coth 2x
X x3
2
cosec:(x ) 20 In(tanh x — sech x)
Given that y = arsinh(x — 1), find the value of g-z at x = 2.
X

Find the equation of the normal at the point where x = In2 on

the curve y = sinh x 4- 3 cosh x.

The curve y = 5sinh x — 4cosh x crosses the x-axis at the point
A. Determine the coordinates of 4 and the equation of the
tangent to the curve at A4.

Find the minimum value of y, where y = 13cosh x + 12sinh x
and the value of x where this occurs.

The tangent at the point P with x-coordinate 2¢ on the curve

. : X : :
with equation y = c¢cosh P meets the y-axis at the point Q.

Find the distance OQ in terms of ¢, where O is the origin.
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26

27

29

30

31

Find to 2 decimal places the coordinates of the stationary points
on the curve y = 8sinhx — 27tanh x and determine the nature
of these stationary points.

Given that y = A cosh 3x + Bsinh 3x, where 4 and B are

d*y
constants, show that 2 9y = 0.

Use successive differentiation and Maclaurin’s expansion to
show that:

3 5

—_ x x
® sin xmx—|——§!~+~§i~+...
| 2 ¢
x¢ x
I coshle+i+3!-+...
, o d RE
Given that y = cosh 3x sin x, find 2 and =2
dx dx?

Find the first two non-zero terms in the series expansion of
tanh x in ascending powers of x. |

Find an equation of the tangent and an equation of the normal
at the point where x = 3 on the curve with equation y = tanh x.

In questions 32-47, differentiate with respect to x:

32

35

arsinh x 33 arcosh g 34 artanh x?
arsech x 36 arcosech x 37 arcoth2x

38



38
41

47
48

49

50

31

52

53

X

arsech x? 39 xarcoshx 40 ,
arsinh x
(artanh x)2 42 (arsech x)% 43 ¢* arsinh x
arilcl);h 45 artanh (sin x) 46 artanh(sinh x)
X
arcsin x
arsinh x

Find an equation of the tangent to the curve y = arsinh x at
(i) the origin and
(i) the point where x = 1.
Given that y = (arsinh x)?, show that:

d’y dy

2
b4 A
(14 ) dx? x dx

Find an equation of the normal at the point where x = % on the

curve with equation y = artanh x.

Given that y = arsinh x, show that
(2) y=1Infx+v(1+x)]

2[4y ?
(b) (1+x)(a~;) =]

&’ d’y d
© (1+x%) —&}%+3x&~;§+a£m[}

Show that the curve with equation y = 3coshx — xsinhx has a
minimum point A on the y-axis. Find the coordinates of 4.
Show further that the curve has another stationary value

between x = 1.9 and x = 2. Sketch the curve.

Show that y = e¥™"P* gatisfies the relation
d’y _dy
2 e —_— —_—
(T+x )dx2+xdx y=0
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54

55

56

57

58

59

60

Given that y = sinhx + k cosh x, show that the least value of y

is 1/(k* — 1) and that this occurs at x = $In (z :I—- D where kis a

constant and |k| > 1.

Show that (cosh x + sinh x)* + (cosh x — sinh x)* = 2cosh kx,
where k& is real.
Hence solve the equation

(cosh x + sinh x)° + (cosh x — sinh x)’ =35

giving your answers to 2 decimal places.

Find the coordinates of the minimum point on the curve
y = Scoshx — 3sinh x.

d
Given that y = arctan(e*), show that E}: = 4 sech x, and find

d? >
y

dx?’
: ’ 2—3x
Given that artanh x + artanh y = 3In 5, show that y = T ox
. X :
Given that y =1In [tan (Z + 5)] , show that sinh y = tan x and

cosh y = secx.

For the curve y = arsinh (x + 1), find

(a) the coordinates of its point of inflexion P
(b) the equation of the normal to the curve at P.
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ANSWERS

Exercise 4A
1 (a) i(e*—e?) (b) L(et+eh)

-
(c) e e 3 (d) %(e‘/2+6_‘/2)
_ a—l
@ Y- (@ 2("’ ° )

e +e
e+el

2 (a) 1818 (b) —1.818 (c) +0.962
(d) £1444 () 0973 () —0.805

3 (@) 2731 (b) 07172 (¢) —0.9640
(d) —0.5211(e) 11.59 (HH 0.9287

4 e*=3orl x==%In3

5@ x=0y=0 (b) y==4+1,x=0

6 0.72, 048

21 sech, sind 2 le'l
23 2.37
24 2,1In2

_ x X’
25 Slnhx=x+§!-+§]-+.‘.

* xt x®

coshx=1+§~!~+z+§+...

27 0, -In3 28 —In3, —In10

29 V(@—-b) 30 x+i+154.
31 —1lmns 32 +iln(3+2v2)
33 In3 35 0.481, 0.881

36 L3 33

TP PS
38 (a) x*cosec’d — y?sec?d = 1
(b) x?sech’?+ y?cosech?r = 1

Exercise 4B
1 2sinh2x 2 Joosh
3sech? 3x 4 —2sech2xtanh 2x
x x
— 1 cosech 3 coth 3

3

5

6 e*(coshx + sinhx)
7 6sinh3xcosh3x 8 3ianh®xsech?x
9

l
—z cosech?(In x)
10 cothx

11 sinh2x + 2xcosh2x
12 3(x*cosh3x + x* sinh 3x)

1 .
3 _ sinh x
1 sinh x cosh x 14 (coshx)e

coshx — xsinhx xsinhx — coshx

15 16
cosh? x x?
17 3cosh? x sinh x ecosh’

_ 2xcosech’ 2x + 3coth 2x
x4

18

19

22
23

25

26

29

30

31

32

35

38

40

1

12

13

44

45

47

48

50
52
57

—cosech (x?)(2x? coth x? + 1)

)
sech x(sech x + tanh x) 1
21 —
tanh x — sech x V2
y-3=-%(x-1n2)

(In3,0), y=3(x~1n3)
y=5atx=—In5

%(38_2 — &%)
max."(—-0.962,11.18),

min. (0.962, —11.18)
dy X :
i 3sinh 3xsin x + cosh 3xcos x

2
&ry_ 8 cosh 3xsin x + 6sinh 3xcos x

dx?
2,
x=g+

y—0.905=0.181(x — 1.5)
¥ — 0.905 = —5.534(x — 1.5)
1 1 2x
3 e
Jira) P Jeoy M 1o
-1 ~1 2
36 37 —
x/(1 — x2) xV(1+ x2) 7 1 —4x2
-1
2x+/(1 — x)

arsinh x —

39 arcoshx + —

Vi —1)
\/[li-x“')
(arsinh x)*

2 artanh x
1—x?
-1
2x+/(1 — x?)+/(arsech x)

2

R
2xe* arsinh x + m

1 o nx
: arcosh x T

(arcosh x)*
cosx cosh x
= 46 ——
1 —sin’ x seex 1 —sinh?®x
arsinh x/(1 + x?) — arcsin x/(1 — x?)
(arsinh x)*y/(1 — x*4)

1
y_x:_-(],y—arsinhl=ﬁ(x~1)

y-iln7=-L(x-3
(0,3) 55 +0.31
— 5 sechx tanh x

@ (-1,0)

56 (In2,4)

®) y+x+1=0
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Differential equations

-P3 book P184 Ex8A Q18-22 Extra Q11, 12, 14, 15, 16

Find the general solutions of the differential equations in questions
1-10. |

dy _ dy
1 EHCUShzx 2 a;:cﬁsagh %y
d}’ dy
3 t _— L. 2y 2
anyd;'c cotx 4 i e sec” x
dy -1 i dy
L= 1 = 4
AT y>1 6 (14 x°) il =
_xzd_y— d—y= x+y
T e dx.—xy 8 dx e
dy y o dy .2
= = 10 . =0
9 ix xz—l’x}l X dx+51ny

Obtain the solution that satisfies the given conditions of the
differential equations in questions 11-24.

11 j—i=4y2, y=3atx=-2

12 dd—i-=ye"‘., y=1latx=0

13 %-——tanzx, y=0atx=1

14 %:ez”‘*‘?"‘, y=1atx=1

15 .d—i=§, x>0and y=4at x=1
16 ex%=y%, y=4atx=0

m

d
17 sinx£=coshy, O<x<mw y=0atx=3

]



18

19

20

21

22

23

24

sinx—y =

(l+cnszx)%=y(y+l)sin2x, y=2atx=0

(l—xz)g—;=xy(l+yz), x>1, y=latx=0

1

¥

d
dx

dy
dx

tany(3cosx +sinx), y=%fatx=73

(5 - 35i1:1x) g—i =40cosx, y=0atx=

=x+xy, y=latx=0

3

2

d
(1 + cosh2x) H{E =sechy, y=0atx=0

e

a2 dy
dx

x(y+2)?% y=0atx=0
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-P3 book P192 Ex8C Q1-9, 13, 14, 16-18

In questions 1-5 the differential equations are exact. Find the
general solution of each.

dy 2 d
e TT0 —y
1 y+xdx X 2 zxydx_l_yz___xs
3 —ysinx+ycosx-——tanx 4 ez"g 2e**y = xsi
dx dx+ ey = xsinx
d
g

In questions 612 find the general solution of each linear differential
equation.

dy  »y d
6 ——+2= Y (2
dx Ty T 08X 7 a+(})y=4x+3
d
X X dx 2x
dy d
10 ad—ycotx:cos?ax 11 a£+2ytanx=sinx
2 ¥y _,
dx x+1
13 Given thatx%—2y=x3lnx, find y in terms of x such that

y=2at x = 1.

14 Find y in terms of x given that
dy

dx

and that the solution curve passes through the oi'igin 0.
15 Find the general solution of the differential equation

+ 2y =sinx

dy
dx

16 Find the general solution of the differential equation

dy e a—2x0 3 -1
dx+2y—e (x> +x7"), x>0

If you also know that y = 0 at x = 1, find y in terms of x.

X
— 2y cosecx = tan O<x<m

51

. . . d
17 Find y in terms of x given that x é + 3y =e* and that y =1 at
x=1. |
18 Solve the differential equation, giving y in terms of x, where

ng%—xy:landy:Zatx———l.



-P3 book P196 Ex8D

Exercise 8D

Find the general solution of each of the following differential
equations:

1 ad%—sjyuy 0 2 %-Md +3y=0
3 gzx%-sj—i+4y=n 4 ?H%-wy—_—o
5 g—zgﬁ—&mo 6 %+§;—ﬁy=0 |
7 323-4? 4y=0 8 %‘2%'2 =0

9 53;“? 6y=0 10 33_;"23i 21y =0

-P3 book P197 Ex8E

Exercise SE

Find the general solution of each of the following differential
equations:

2 d d? d

1 %déﬂ»:o 2 H-{-+4-5”-+4y 0
2 d dy

3 .dd?J;dsj_iJ,gy:o 4 582 +16p=0
d’>y  dy d*y dy

5 4d 2+4E~+y-0 6 gﬁ_ﬁd =0
d*y dy d?y d

7 4-——=—-12-= holtld & —
o2 12t =0 8 9- +30dx+25y—0

dz dJ’ d dy



-P3 book P200 Ex8F

Exercise 8F

Find the general solution

of each of the following differential

equations:
d? d?

1 55+y=0 —5+257 =0
d? d?

3 4Eé+9y=0 16d§+49y 0
d?y dy dy  d

5 ——_2-24+5 —2 44 =
>y d d’y _d

7 567+ 10y =0 T3+8 425 =0
d’y  dy d*y d
4-=—4= — X 0 =

9 435-45 +5y=0 10 25 20 - +13y=0

-P3 book P205 Ex8G Q1-90dds, 17,20,23,26-30

Exercise 8G

Solve each of the differential equations in questions 1-15, giving the

general solution.

1

11

13

15

d’y  dy

S _ a4z =12
e 4dx+3y
d’y ¥ 2
T P
2
g—']—;+y=0032x

x

d*y

& b

dx? dx

2

32+4j + 5y =sin2x

d? y

d?y . dy
2 dx2+3dx+ y = 4x

d’y  dy
e —1
4 T5+4a +4y =2x
2
6 %”yﬂ%x
8 d’y 2d‘_+2 COS x
Ha—ci_ dx r=
d’y dy_ _,
10 ﬁ+a-£—e
d’y dy

14 —J—C'—‘i+16y=24

d :
4—+4l+2y=51nx+cosx

dax? dx
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[n questions 16-25 find the solution subject to the given boundary
conditions for each of the following differential equations:

d’y  dy dy
16 a“x—z*" a+3}'—12,a——1&ﬂd_}’—0&t5€—0
17 d2y+ = e*: dy _ =0atx=0
a2 VT T T * =
d’y  dy dy
18 T2 a—-£+y—cosxia—;—*ﬂandy—latx—ﬁ
o WY o o
dx? dx y—e,dx—y— atx =
d’y ., dy dy _
20 HF+ZE+2}'—4X,H;—}’—OHT.X—U
d%y dy _ ~dy
d’y . dy dy
22 @+2a+lﬂy—20x—6,y——0,a—ﬁatx—ﬂ
d?y dy . dy
23 F—i—ﬁaﬂ-ﬁy-—ﬁsmx,a—y=ﬁatx——-0
d?y . dy .
24 EF+9y—8mmLa;—y—OaLx—§
dl
25 w—’]—}—7d—y+6y=36x;ﬁ=4andy=0&tx=0

dx? dx dx



26 Show that jxsinx is a particular integral of the differential

equation

d2y+ = COS X
a2 Y= '

Hence find the general solution.

27 Find the value of the constant k so that kxe?* is a particular
integral of the differential equation

d’y dy 2x
E— 14 54‘24}’—45

: d
Hence find y in terms of x, given that y = 0 and é = ( at
x =0,

28 Find y in terms of x given that
d2

y . . dy
2 + 2

dx+ Sy = 20e

andthatg—i=3&ndy:latx=0.

29 Find the general solution of the differential equation

2
4%‘— 5 j—i-!—y = 17(cos x — sin x)
d%y
30 For the differential equation 02 + 4y = 10e™ find the solution
for whichg—iz ~land y =1at x=0.
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ANSWERS

Exercise 8A
1 2y=sinhx+C 2 3coshzy=x+C

secy = Csinx 4 e¥42tanx=C

3

5 In -1

y+1

6 arctanly =2arsinhx+C
7

9

=2arctanx + C

21n|y|he"2=C 8 e4eV=C
x—1
x+1

1 £+4x+'6%0

Cy? = 10 §-|-coty:C

12 Injy|=¢* -1
13 y=tanx—-x+5—1

14 26 =2e+ 3! — 3¢
15 y=4x,x>0 16 2}3—5—6"‘
17 2arctane’ = In|tan §| 43
18 In[siny|=3In|sinx|+x—1In2—-%

19 y=_?1n|§:M
8
20 2131 4 cog?
T—;( + cos? x)
21 2051 —x}) =1+
x? 2y
22 —=1 2 = 2si
5 ny-J-Il 3 tanhx = 2sinhy
| .
24 —— x? _
+2+ e’ =1
Exercise 8B
1 y=4x4C 2 y¥P=8x+C
3 y=Cx 4 y=ie*4C
5 y=sinx+C 6 ¥»=2x-x*+C
7 r=x4C
8 xy=C,x>0,y>0

Exercise 8C

1 3xy=x+C 2 4y’ =x'4+C
ysinx = In|secx| + C

ye** =sinx — xcosx + C

2X = sin2x +C

y
xy = xsinx+cosx+ C
My=xt+x3+C

Lol +C 9 p=C-)

0 e U W

10 ysinx =3cos’ x — cos* x + C
11 ysec?x =secx+ C

12 1L—x-1n|1+,vc|+c

13 y=x’In|x| — x> + 3x2

14 y=1(2sinx - cosx + &%)
2% 2 1nlsinZ

15 ycot 3 2ln‘sm2!+c

4
16 yo* =2+ Infx| + C;

y=5(*=1)e> +e>nx
17 y=[e"(x? = 2x+2) + 1 - ¢g]x3
Sx 1

18 =
y= 2 2x

Exercise 8D

1 y= Ae* + Be* 2 y=Ae ¥+ Be™
y=Ae*+ Be”* 4 y= Ae¥ + Be~%
y=Ae* + B 6 y= Ae¥ + Be~
y=Ae¥ + Be ¥
y = e¥(4e*V? 4+ Be~V3)
y=A + Be ¥ 10 y= Ae™ + Be ¥

o 00 =3 th W

Exercise 8E
1 y= (A + Bx)e*

49



Exercise 8F

1
2

L=~ B B - Y| I

10

y=Acosx+B'sinx
y = Acos5x+ Bsin 5x
3x

3x
y= Aco57+Bsm7

y = Acos ?T+ Bsin Z—x
= e*(A cos2x + Bsin 2x)
y = e 2*(Acosx + Bsin x)
y = e*(Acos x + Bsin x)
y =¢e (4 cos3x + Bsin3x)
y= ei:‘(Acosx-l-Bsinx)

3
y= e%(Acos ?35 -+ Bsin ?x)

Exercise 8G

1
2
3

=T - S N

10
11
12
13

4
15

16

y = Ae* + Be¥* + 4
y = Ae™ + Be~% 4 2x — 3
= (A4 + Bx)e* + e**

=(4+Bx)e ™ +1ix-2
y= Acos::+Bsinx—§cos2x
y= Acos3x+Bsm3x+—e§"

y=¢e 2J“(Acc)sx+J‘Sw’sumc) +2x — 4

17 y = —3(cosx +sinx — %)
18 y=(1-jx)e* —1isinx
19 y=3e"+ 5> —le*
20 y=2¢ cosx+2x-2
21 y=l(e ¥ +1)(x+1)
22 y =e *(cos3x +3sin3x) + 2x — 1
23y =Ze ¥ (4cosdx — sindx)

+ 17 (4sin x — cos x)
24 y=sin3x+sinx
25 y=¢e%~8e ¥+ 6x47
26 y= Acosx+Bsinx+%,xsinx
27 k**—- Ly = zs(eIZx_EZx}_%xeh
28 y=¢e (251n2x 4cos2x) + Se™*
29 y= Aei + Be* —4cosx — sinx
30 y=1(sin2x —3cos2x) + 2~

- 1 2 =
y =e*(Acosx + Bsinx) +3c0s x — £sinx

y = Ae* + Be* — x +2
y=A+ Be™ — xe™*

¥y mA—E—Be3" ~+5x
y=Ae*+ Be ™ +2 —x
y =e¢e**(4cosx + Bsinx)
+-‘}—5~sin2x~+3§§cos2x
y = Acos4x + Bsin4x + 3
y=e7(4 cos3 + Bsinj)
+]10 sin x — ]30 cos x

p=— 133x+5 3x_,_4

50
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Polar Co-ordinates Questions

Exercise @

1 Find polar coordinates of the points with the following Cartesian coordinates.

a (512) b (-5, 12) c (-5,-12)
d (2,-3) e (V3,-1)
2 Convert the following polar coordinates into Cartesian form.
" (55) b (i) e (6.5)
o (10,%) ¢ e
4
3 Find Cartesian equations for the following curves, where a is a positive constant.
ar=2 b r=3secé ¢ r=5cosect
d r=4atanfsect e r=2acosf f r=3asind
g r=4(1 - cos26) h r=2cos20 i ”=1+tan%6
4 Find polar equations for the following curves.
a x2+)?=16 b xy=4 ¢ (x2+ )% =2xy
d x>+)*-2x=0 e (x+y)=4 f x-y=3
g y=2x h y=-/3x+a i y=x(x-a)

Exercise @

1 Sketch the following curves.

ar=6 b0=%r ¢ 9:—%

d r=2secl e r=3cosecl f ;‘=Zsec(9—§)
g r=asiné h r=a(l - cosf) i r=acos3f

i r=a(2+cosb) k r=a(6 + cosb) 1 r=a(4+3cosb)
m ;= a(2 + sinf) n r=a(6+sinb) o r=a(4+3sinb)
p r=26 q r2=a*sinf r r2=a’sin26

) 2 Sketch the graph with polar equation
1=k sec (lr- - 0)

4
where k is a positive constant, giving the coordinates of any points of intersection with the
coordinate axes in terms of k. (4 marks)

3 a Show on an Argand diagram the locus of points given by the values of z satisfying
lz-12-5i]=13

(2 marks)
b Show that this locus of points can be represented by the polar curve
r=24cosf + 10sinf (4 marks)
4 a Show onan Argand diagram the locus of points given by the values of z satisfying
lz+4+3i|=5 (2 marks)
b Show that this locus of points can be represented by the polar curve
r=-—8cosf — 6sind (4 marks)

52



)

1 Find the area of the finite region bounded by the curve with the given polar equation and the
half-lines f = @ and 0 = 3.

w . ™ ™ . w s
al—arcosﬂ,a—o,ﬁ-2 br-a(]+s1n0),a--—2,ﬁ—2 ¢ i—as1n36,a-6, =i
dr2=a3c0529,a=0,5=% ¢ r2=aztan6,a=0,ﬁ=§ f r=200,a=0,8="n
g r=a(3+2cosh), a=0, ,3:-725

252 + 2
2 Show that the area enclosed by the curve with polar equation r = a(p + gcos#) is = 3 2 Ta>.
3 Find the area of a single loop of the curve with equation r = a cos 36.
) 4 A curve has equation r = a + 5sinf, a > 5. The area enclosed by the curve is 1877 &
Find the value of a. B (5 marks)
5 The diagram shows the curves with equations r = asin46 0=7
andr:asinZGforOsﬁS%
The finite region R is contained within both curves. : r=asin2f
Find the area of R, giving your answer in terms of «.
(8 marks) ' r=asindf
Initial line
. 5 K ==
6 The diagram shows the curves with equations r = 1 + sinf 2
and r = 3sinf. '
The finite region R is contained within both curves. sESany
Find the area of R. (8 marks) -
i )r=1+sin0_
0! Initial line
7 The set of points, A, is defined by k -
A=A —%5 argz < 0} N{ilz-4+3i| <5
a Sketch on an Argand diagram the set of points, 4. (4 marks)
Given that the locus of points given by the values of z satisfying |z — 4 + 3i| = 5 can be
expressed in polar form using the equation r = 8 cos# — 6 sin 4,
b find, correct to three significant figures, the area of the region defined by 4. (8 marks)

8 The set of points, 4, is defined by
A= z:%-—"-i argz<m N {z:lz+ 12 -5i| < 13}
a Sketch on an Argand diagram the set of points, 4. (4 marks)
b Find, correct to three significant figures, the area of the region defined by A4. (8 marks)



9 The diagram shows the curve C with polar equation 9
r=1+cos39,0s0sI
+v2
2
Point A lies on C and point B lies on the initial line.

Find, correct to three significant figures, the finite area
bounded by the curve, the line segment 4B and the
initial line, shown shaded in the diagram. (9 marks)

At points 4 and B, the value of r is 2

10 The diagram shows the curves r = 1 + sinf and
r=3sind.
Find the shaded area, giving your answer correct to
two decimal places. (8 marks)

Exercise @

1 Find the points on the cardioid r = a(1 + cos@) where the tangents are perpendicular to the
initial line.
2 Find the points on the spiral r = %, 0 < @ < &, where the tangents are

a perpendicular to the initial line b parallel to the initial line.
Give your answers to three significant figures.

% SES %, where the tangents are parallel to
the initial line, giving your answers to three significant figures where appropriate.

3 a Find the points on the curve r = acos26, —

b Find the equations of these tangents.

4 Find the points on the curve with equation r = a(7 + 2cosf) where the tangents are parallel to
the initial line. (6 marks)

5 Find the equations of the tangents to r = 2 + cos# that are perpendicular to the initial
line. (6 marks)

6 Find the point on the curve with equation r = a(l + tanf), 0 <8 < E, where the tangent is
perpendicular to the initial line. (6 marks)

7 The curve C has polar equation
r=1+3cosb, 0<9<%
The tangent to C at a point 4 on the curve is parallel to the initial line.

Point O is the pole.
Find the exact length of the line OA. (7 marks)
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8 The diagram shows a cardioid with polar equation
r=2(1 + cosf) :
The shaded area is enclosed by the curve and the

vertical line segment which is tangent to the curve
and perpendicular to the initial line.

Find the shaded area, correct to three significant

r=2(1 + cost)

[

figures. (8 marks) Initial line
Mixed exercise e
I 1 Determine the area enclosed by the curve with equation
r=a(l +%sin9), a>0, 0=<0<2nm,
giving your answer in terms of « and 7. (6 marks)
) 2 a Sketch the curve with equation r = a(1 + cosf) for 0 < 8 < 7, where a > 0. (2 marks)
b Sketch also the line with equation r = 2asecé for ~Z<09<Z onthe same diagram. (2 marks)

2 2’
¢ The half-line with equation =, 0 < a < I meets the curve at 4 and the line with equation

r =2asec@ at B. If O is the pole, find the value of cosa for which OB = 204. (5 marks)

) 3 Sketch, in the same diagram, the curves with equations r = 3cosf and r = 1 + cos and find
the area of the region lying inside both curves. (9 marks)

4 Find the polar coordinates of the points on > = a?sin 26 where the tangent is perpendicular
to the initial line. (7 marks)

5 a Shade the region R for which the polar coordinates r, 8 satisfy
r<4dcos20 for —% SEES -} (2 marks)

b Find the area of R. (5 marks)

6 Sketch the curve with polar equation r = a(1 - cos#), where a > 0, stating the polar
coordinates of the point on the curve at which r has its maximum value. (5 marks)

7 a On the same diagram, sketch the curve C, with polar equation

r=2cos 26, ——73<19sE

4 4
and the curve C, with polar equation 6 = —17—;- (3 marks)
b Find the area of the smaller region bounded by C, and C,. (6 marks)
8 a Sketch on the same diagram the circle with polar equation r = 4cos @ and the line with
polar equation r = 2 secé. (4 marks)
b State polar coordinates for their points of intersection. (4 marks)
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9 The diagram shows a sketch of the curves with 0
polar equations

R

r=a(l +cosf) and r = 3acosf,a >0 P

a Find the polar coordinates of the point of
intersection P of the two curves. (4 marks)

b Find the area, shaded in the figure, bounded
by the two curves and by the initial line ¢ = 0,
giving your answer in terms of ¢ and 7.
(7 marks)

Initial line

10 Obtain a Cartesian equation for the curve with polar equation
a rl=sec26 (4 marks)
b r2?=cosec 24 (4 marks)

11 a Show on an Argand diagram the locus of points given by the values of z satisfying
lz=1-i=v2 (2 marks)
b Show that this locus of points can be represented by the polar curve
r=2cos@+2sinf (4 marks)
The set of points, 4, is defined by

m m 3
A= {z:géargzif} N{z:lz-1-i =<2}
¢ Show, by sketching on your Argand diagram, the set of points, 4. (2 marks)
d Find, correct to three significant figures, the area of the region defined by A. (5 marks)

=)
1
E

s I

\!
)

12 The diagram shows the curve C with polar equation
r=4cos20, Os@s%
At point 4 the value of ris 2. Point A4 lies on C and
point B lies on the initial line vertically below A.
Find, correct to three significant figures, the area of the
finite region bounded by the curve, the line segment o

AB and the initial line, shown shaded in the
diagram. (9 marks)

hN

B Initial line

13 The diagram shows the curve with polar equation
r=4sin20, 0<4 s%
The shaded region is bounded by the curve, the initial
line and the tangent to the curve which is perpendicular
to the initial line.
Find, correct to two decimal places, the area of the
shaded region. (8 marks)

r=4sin20

—

Initial line
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SOLUTIONS

Exercise 5A
1 a (13,1.176)
c (13,-1.966)

b (13, 1.966)
d (/13,-0.983)

™
¢ (g
2 a (33,3 b (3.3, -3)
¢ (-3V2,3v3) d (=52, -5/2)
e (-2,0)
3a s+yi=4 b =3 .
¢ y=5 d a7 = day nry:f—
ryi=2ax or (x-alf+yF=a? .
_ _ 3a\* _ 9af
f x=+y2:33_q ar x‘q-(y T) _TJ
g (2% + ) = 8y h (22 + y¥)7 = 24t
i ri=1
4a r=4 b r*=8cosec2d
¢ r‘=gin2d d r=2cosd
a__ 4 =d X
oy £ "1@5“{”"'4)
g ¢=arctan2 h r:%cosec(ﬁ+%)
i r=tandsecd + asecd
Challenge

Cansider the triangle formed by the two points and the
origin and use the cosine rule to find d.

Exercise 5B
1a

=0
Initial line

0=0

Initial line

c I
3
: 0=0
OEY Initial line
: Ot
d -
0=3
: ‘ 0=0
01 2 Initial line
E r=2sech

0:5
3
T r= 3cosecd
i f=10
015 Initlal line
f =T
=3
i r=2seclf- %]
3! 0=0
o, 4\Inltial line
g =X
=2
r=asind
=0
0 * Initial line
h S
e 2
r=a(l - cosd) .
6=0
2a Initial line
i ==
G2
r=acos 360 }
=37 i _f
0=32. . E 0=F
=0
Initial line
7:,"" 0__%
[ Lo
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r=ual? + cosf)

r=al4+ 3sind)

0=0
3a [Initial line

8=0
Initial line

-F
3
6a, F=alb + cosd) P 0=?2_r

i

]
"
¥
¥

o _____E =0 i
5a 5 Ta Initial line R ""ai 4 .
: ' T Initial line
B
a 31r:
] =3 :
! r=ol4+ 3cosd) q
=X
s 2
_______ ! Ll 2. 1w g2l
A _ =g*sin®
! 7a  Initial line
I =0
! O Initial line
m =X
= 5 T =

r=al2 + sind) rt=g*sin 26

T
¢

=0

Initial line

=0

28 TIpitial line

a; !
p=Z
.z = g=X
: ]
Tal .
r=alb +sind) .
=0 i
[iti} Initial line I
=0
0, kvZ Initial line



3 a Ima
|z-12-5i=13
10
12 4+ 5i
L
0 24 i{e

b Cartesian equation is (x - 12 + (y = 5)* = 169
Convert to polar coordinates:
(rcosf — 12)? + (rsinf — 5)* = 169
Then rearrange this to get r = 24 cosf + 10sin¢

4 a Ima

lz+4+3i|=5

b Cartesian equation is (x + 4)* + (y + 3)* = 25
Convert to polar coordinates:
(rcos@ + 4)* + (rsinf + 3)* = 25
Then rearrange to get r = ~8cosf - 6sin0

Exercise 5C
1a & p 3z
] 4
(= + 2)a* at
¢ T L§
@lnvZ . a?ln2 2a¢s
(e e T r =5

g L0in+24)
2 Area=2x -]-fa'(p + geosf) do
2%
= a’f(p2 + 2pgcost + g*cost0)dd
(i
x 2yl pv
= a?[p'd + 2pqs‘m0]“ + a—zg—_l: (cos 20 + 1)d0
x a‘qi (1 . 4
=g —_
a’pir + 3 [291n20+0]°

202 2z @
=a”pz1r+%1=2pT+qwczz

Ima

lz-4+3i=5

b 35.1
8 a Imy

b 385
9 0.0966

10 0.79

Exercise 5D

SN W =

®e

a 2z a -2z
(20, 0). (%, %) and (%, 5%
a (9.15,1.11) b (212, 2.68)
2a -4+ 26
a (-3-.10.421) b r=+2 coseco
(Ya, £1.32)
reosf =3 reosf = -1 r=3secld r=-sect
s
(2.3)
3+J73
4

0.212
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Mixed exercise 5 7a 0=1
x
1 91ra' ' ,I'T
3 : 3 ;
' ,‘ 2
2 ab : p
i £=0
o:'\\/{ Tnitial line
r=2asecl c,
Ty
Y
p Z-¥3
0=0 6 8
20 nitial line 88 4.z
: E
| r=al+cos® |
B-1 :
¢ CcoSsas= 7 ;
[
: r=2socd
3 I /3 E
b (zﬁ.4). (22, )
3 =X
=2
E r=3cosd
3, B
__________ 9=0 9 a (-,Za.-,;) b _S—a;
Initial line 10 a yi=x"-1 b y=5
r=1+cos? : 11 a Im
- ; g=1-1=v2
Area = 2% 2
I3 .
3z ‘Eh) 7 .
4(" 2'6)‘(“ 5 g) and (0.3) )
2 Re
5a 0=

g=I b Cartesian equation is (x - 1)* - (y + 1)¢ =2
4 Convert to polar coordinates:

(rcosf - 1) + (rsin@ - 1)* =2

‘Then rearrange to getr = 2¢os0 + 2siné

c Im
argz=¢
2
. (
’ =t
d 3.59
6 -
"2
r=a(l-cosg) !
a
12 2.09
S =0 13 1.52
Initial line
a

]
'
'

Maximum value at (2a, ™)
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