Differential equations

-P3 book P184 Ex8A Q18-22 Extra Q11, 12, 14, 15, 16

Find the general solutions of the differential equations in questions
1-10. |
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Obtain the solution that satisfies the given conditions of the
differential equations in questions 11-24.

11 j—i=4y2, y=3atx=-2

12 dd—i-=ye"‘., y=1latx=0

13 %-——tanzx, y=0atx=1

14 %:ez”‘*‘?"‘, y=1atx=1

15 .d—i=§, x>0and y=4at x=1
16 ex%=y%, y=4atx=0
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17 sinx£=coshy, O<x<mw y=0atx=3
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sinx—y =

(l+cnszx)%=y(y+l)sin2x, y=2atx=0

(l—xz)g—;=xy(l+yz), x>1, y=latx=0
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tany(3cosx +sinx), y=%fatx=73

(5 - 35i1:1x) g—i =40cosx, y=0atx=

=x+xy, y=latx=0
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In questions 1-5 the differential equations are exact. Find the
general solution of each.

dy 2 d
e TT0 —y
1 y+xdx X 2 zxydx_l_yz___xs
3 —ysinx+ycosx-——tanx 4 ez"g 2e**y = xsi
dx dx+ ey = xsinx
d
g

In questions 612 find the general solution of each linear differential
equation.

dy  »y d
6 ——+2= Y (2
dx Ty T 08X 7 a+(})y=4x+3
d
X X dx 2x
dy d
10 ad—ycotx:cos?ax 11 a£+2ytanx=sinx
2 ¥y _,
dx x+1
13 Given thatx%—2y=x3lnx, find y in terms of x such that

y=2at x = 1.

14 Find y in terms of x given that
dy

dx

and that the solution curve passes through the oi'igin 0.
15 Find the general solution of the differential equation

+ 2y =sinx

dy
dx

16 Find the general solution of the differential equation

dy e a—2x0 3 -1
dx+2y—e (x> +x7"), x>0

If you also know that y = 0 at x = 1, find y in terms of x.

X
— 2y cosecx = tan O<x<m

51

. . . d
17 Find y in terms of x given that x é + 3y =e* and that y =1 at
x=1. |
18 Solve the differential equation, giving y in terms of x, where

ng%—xy:landy:Zatx———l.
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Exercise 8D

Find the general solution of each of the following differential
equations:

1 ad%—sjyuy 0 2 %-Md +3y=0
3 gzx%-sj—i+4y=n 4 ?H%-wy—_—o
5 g—zgﬁ—&mo 6 %+§;—ﬁy=0 |
7 323-4? 4y=0 8 %‘2%'2 =0

9 53;“? 6y=0 10 33_;"23i 21y =0
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Exercise SE

Find the general solution of each of the following differential
equations:

2 d d? d

1 %déﬂ»:o 2 H-{-+4-5”-+4y 0
2 d dy

3 .dd?J;dsj_iJ,gy:o 4 582 +16p=0
d’>y  dy d*y dy

5 4d 2+4E~+y-0 6 gﬁ_ﬁd =0
d*y dy d?y d

7 4-——=—-12-= holtld & —
o2 12t =0 8 9- +30dx+25y—0

dz dJ’ d dy
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Exercise 8F

Find the general solution

of each of the following differential

equations:
d? d?

1 55+y=0 —5+257 =0
d? d?

3 4Eé+9y=0 16d§+49y 0
d?y dy dy  d

5 ——_2-24+5 —2 44 =
>y d d’y _d

7 567+ 10y =0 T3+8 425 =0
d’y  dy d*y d
4-=—4= — X 0 =

9 435-45 +5y=0 10 25 20 - +13y=0
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Exercise 8G

Solve each of the differential equations in questions 1-15, giving the
general solution.
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d’y  dy

2 42 =12
dx? 4dx+3y
d’y dy 2
Fr PR A
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g—']—;+y=0032x

X

d?‘y

d’y ,dy
FP P

2

32+4j + 5y =sin2x

d? y

d?y . dy
&y =4
2 dx? =3 dx +2y x
d’y  dy

—+4y=2x-1
dx2+4d =

6 ﬁ+9 =¥
e

d’y . dy
8 aﬁ_za-kb_-cosx

d’y d
10 24 L=

dx?  dx
12 3@—2ﬂ— =X
dx? dx Y=

14 —J—C'—‘i+16y=24

d :
4—+4l+2y=51nx+cosx

dax? dx



[n questions 16-25 find the solution subject to the given boundary
conditions for each of the following differential equations:

d’y  dy dy
16 a“x—z*" a+3}'—12,a——1&ﬂd_}’—0&t5€—0
17 d2y+ = e*: dy _ =0atx=0
a2 VT T T * =
d’y  dy dy
18 T2 a—-£+y—cosxia—;—*ﬂandy—latx—ﬁ
o WY o o
dx? dx y—e,dx—y— atx =
d’y ., dy dy _
20 HF+ZE+2}'—4X,H;—}’—OHT.X—U
d%y dy _ ~dy
d’y . dy dy
22 @+2a+lﬂy—20x—6,y——0,a—ﬁatx—ﬂ
d?y dy . dy
23 F—i—ﬁaﬂ-ﬁy-—ﬁsmx,a—y=ﬁatx——-0
d?y . dy .
24 EF+9y—8mmLa;—y—OaLx—§
dl
25 w—’]—}—7d—y+6y=36x;ﬁ=4andy=0&tx=0

dx? dx dx



26 Show that jxsinx is a particular integral of the differential

equation

d2y+ = COS X
a2 Y= '

Hence find the general solution.

27 Find the value of the constant k so that kxe?* is a particular
integral of the differential equation

d’y dy 2x
E— 14 54‘24}’—45

: : d
Hence find y in terms of x, given that y = 0 and é = ( at
x =0,

28 Find y in terms of x given that
d2

y . . dy
2 + 2

dx+ Sy = 20e

andthatg—i=3&ndy:latx=0.

29 Find the general solution of the differential equation

dzy dy .
4@ -5 a +y= IT(CDSI—- SIHI)
dzy
30 For the differential equation —= + 4y = 10e™ find the solution

dx?

forwhichj—i:—landy=%atx=0.



ANSWERS

Exercise 8A
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2y =sinhx+ C
secy = Csinx
~ 1
lny
y+1
arctanjy = 2arsinhx + C

21n|y|he"2=C 8 e4eV=C
x—1
x+1

D dxs6=0
y

=2arctanx + C

Cy? = 10 §-|-coty:C

12 Injy|=¢* -1

y=tanx-x+5—1

2e% =2e 43¢ —3¢¥

y=4x,x>0 16 2}3—5—6"‘

2arctane” = In|tan §| + 3

In|siny| =3In|sinx|+x-In2 -2

5—3sinx
8

y=—%ln|

1
—— =3(1 +cos? x)

Y
221 =x}) =147

2y
+1

~

l 23 tanhx =2sinhy

1
—_— x_
+2+ e 1

Exercise 8B

1

o0 3 th W

y=4x+C
y=Cx
y=sinx+C
r=x*+C
xy=C,x>0,y>0

2 P =8x+C
4 y=3e"+C

6 V=2x-x2+C

2 3coshiy=x+C
4 e ¥42tanx=C

Exercise 8C

1

0 e U W
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11
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14
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17

18 y=

xy=x+C 2 4y’ =x'4+C
ysinx = In|secx| + C
ye** =sinx — xcosx + C

2% —§in2x 4+ C
y

xy = xsinx+cosx+ C
My=xt+x3+C

y 2
—=infx)*+C 9 p=C-{a
ysinx = 2cos? x — cos* x + C
ysectx =secx + C

IL—x—ln|1+x|+C

y=xIn|x] — x* + 3x*
=1(2sinx — cos x + &%)

yncotZE = 2ln‘sin;! +C

2

4
ye¥ =Tk Infx] +C;

y=5(*=1)e> +e>nx
y=[e"(x? = 2x+2) + 1 - ¢Jx3
Sx 1

2 2x

Exercise 8D

1

o 00 =3 th W

y=Ae*+Be”* 2 y= Ae™* + Be~*
y=Ae*+ Be”* 4 y= Ae¥ + Be~%
y=Ae* + B 6 y= Ae¥ + Be~
y=Ae¥ + Be ¥

y = e¥(4e*V? 4+ Be~V3)

y=A + Be ¥ 10 y= Ae™ + Be ¥

Exercise 8E

y=(4+Bx)e* 2 y=(4A+Bx)e™

=(A+Bx)e* 4 y=(4+Bx)e™®
=(A+Bx)e® 6 y=(4+Bx)e¥

8 y=(A+Bx)e¥



Exercise 8F

1
2

L=~ B B - Y| I

10

y=Acosx+B'sinx
y = Acos5x+ Bsin 5x
3x

3x
y= Aco57+Bsm7

y = Acos ?T+ Bsin Z—x
= e*(A cos2x + Bsin 2x)
y = e 2*(Acosx + Bsin x)
y = e*(Acos x + Bsin x)
y =¢e (4 cos3x + Bsin3x)
y= ei:‘(Acosx-l-Bsinx)

3
y= e%(Acos ?35 -+ Bsin ?x)

Exercise 8G

1
2
3

=T - S N

10
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15

16

y = Ae* + Be¥* + 4
y = Ae™ + Be~% 4 2x — 3
= (A4 + Bx)e* + e**

=(4+Bx)e ™ +1ix-2
y= Acos::+Bsinx—§cos2x
y= Acos3x+Bsm3x+—e§"

y=¢e 2J“(Acc)sx+J‘Sw’sumc) +2x — 4

17 y = —3(cosx +sinx — %)
18 y=(1-jx)e* —1isinx
19 y=3e"+ 5> —le*
20 y=2¢ cosx+2x-2
21 y=l(e ¥ +1)(x+1)
22 y =e *(cos3x +3sin3x) + 2x — 1
23y =Ze ¥ (4cosdx — sindx)

+ 17 (4sin x — cos x)
24 y=sin3x+sinx
25 y=¢e%~8e ¥+ 6x47
26 y= Acosx+Bsinx+%,xsinx
27 k**—- Ly = zs(eIZx_EZx}_%xeh
28 y=¢e (251n2x 4cos2x) + Se™*
29 y= Aei + Be* —4cosx — sinx
30 y=1(sin2x —3cos2x) + 2~

- 1 2 =
y =e*(Acosx + Bsinx) +3c0s x — £sinx

y = Ae* + Be* — x +2
y=A+ Be™ — xe™*

¥y mA—E—Be3" ~+5x
y=Ae*+ Be ™ +2 —x
y =e¢e**(4cosx + Bsinx)
+-‘}—5~sin2x~+3§§cos2x
y = Acos4x + Bsin4x + 3
y=e7(4 cos3 + Bsinj)
+]10 sin x — ]30 cos x

p=— 133x+5 3x_,_4






