Complex Numbers 2

Q Exponential form of complex numbers

You can use the modulus—argument form of a m The: modliss -rgumsent form of
complex number to express it in the exponential a complex number is z = r(cos 6+ isin )
form: - = re". where r = |z| and f# = arg =,
. ) i ) ) <« Book 1, Section 2.3
You can write cos # and sin # as infinite series of powers
of #:
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You can also write e*, x £ R, as a series expansion in m These are the Maclaurin series
powers of x. expansions of sin #, cos fl and e*.
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You can use this expansion to define the exponential
function for complex powers, by replacing x with a
complex number. In particular, if you replace x with
the imaginary number if, you get
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By comparing this series expansion with (1) and (2), you can write e'* as

This formula is known as Euler's relation.

elf = cosf +isiné .
It is important for you to remember this result,

. ia i .
= You can use Euler’s relation, e = cos @ + isin 8, @ Substituting 8= = into Euler’s

to write a complex number z in exponential relation yields Euler’s identity:
form: e 11=0

- — pal?

i=re This equation links the five fundamental
wherer=|zland @ =argz. constants 0, 1, m, e and i, and is considered

an example of mathematical beauty.



Express the following in the form re, where -7 < f = .

a :=v"§(cosl'l0+isinl—%) 5= (cos%-isin%}

Express z = 2 - 3i in the form re, where -7 < @ = 7.




3l

Express z = v2e 4 in the form x + iy, where x, y € R.

23ni
Express z=2e 5 in the form r(cos 6 + isin @), where -7 < 0 < 7.

Use e = cos + isin 6 to show that cosf = 5(¢" +¢™).




m Multiplying and dividing complex numbers

You can apply the modulus—argument rules for multiplying and dividing complex numbers to
numbers written in exponential form.

Recall that, for any two complex numbers z, and z,,

* |Z122] = |z]| 2|

° alg(z,zy) =arg(zqy) +arg(z,)
. 1__2 ! : @ These results can be proved by

o };l - 1zl considering the numbers z, and z, in the form
Zal |7 r(cos @ + isin 0) and using the addition formulae

o} for cos and sin. < Book 1, Section 2.3
° arg (—) =arg(zy —arg(z,)
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Applying these results to numbers in exponential form gives the following result:

® If z, = r,e'% and z, = r,el?, then: m
You cannot automatically assume
* 217p = Iy el the laws of indices work the same way with
2 complex numbers as with real numbers. This
o i ,.—ze'w"e" result only shows that they can be applied in
these specific cases.
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Express in the form re?.

@ De Moivre’s theorem

You can use Euler’s relation to find powers of complex numbers given in modulus—argument form.
(rlcos 6 + isin O)) = (rel9)?
= ’.el() X ’.ei0
e
= r(cos 20 + isin 26)
Similarly, (r(cos @ + isin 8))* = r*(cos 3@ + isin 36), and so on.
The generalisation of this result is known as de Moivre’s theorem:

® For any integer n,

(rlcos 6 + isin 0))" = r"(cos n@ + isin no)



You can prove de Moivre's theorem quickly using Euler’s relation.

WEOER IR A) = e This step is valid for any integer
=g exponent n. ¢ Exercise 1B, Challenge
= r(cos nf + isin nf)

You can also prove de Moivre's theorem for positive m THiS oroof lises themethod
integer exponents directly from the modulus- of proof by induction.
argument form of a complex number using the addition « Book 1, Chapter 8

formulae for sinand cos.

1. Basis step
n=1; LHS = (r{cos @ + isin §))! = r(cos @ + isin §)
RHS = t(cos 18 + isin 18) = r(cos f + isin f)
As LHS = RHS, de Moivre's theorem is true forn =1,
2. Assumption step
Assume that de Moivre's theorem is true forn =k, k € Z™:
(r(cas 0 + isin ) = r(cos kb + isin kb)

3. Inductive step

Whenn=/k+1,

(r(cos @ +isin§))**1 = (r(cos 6 + isin 8))* x r(cos @ + i sin 6)
= rk(cos k@ + isin kf) x r(cos 6 +isinf) ~—— By assumption step
=rk*+1(cos k@ + i sin k) (cos @ + isin 6)
= rk+1((cos k6 cos 6 - sin kf sin 6) + i(sin @ cos 6 + cos k0 sin 6))
=rk+1(cos(kd + 6) + isin(k + 6))
= rk+1(cos((k + 1)8) + isin((k + 1)8))

Therefore, de Moivre's theorem is true when n = k + 1.

By addition formulae

4. Conclusion step
If de Moivre’s theorem is true for n = k, then it has been @ The corresponding proof
shown to be true forn =k + 1. for negative integer exponents is

left as an exercise.

As de Moivre’s theorem is true forn =1, it i
+ It Is now proven to ~» Exercise 1C, Challenge

be true for all n € Z* by mathematical induction.
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Simplify




Use de Moivre’s theorem to show that
cos 66 = 32cosb f — 48 cos* @ + 18cos?d — 1

You can also find trigonometric identities for sin” @ and cos" @ where n is a positive integer.
If z=cos@ +isind, then

31,_.- =z1=(cos@ +isinf)?
= (cos(—8) + isin(-6)) Apply de Moivre’s theorem.
=cosf—isinf — Use cos 8 = cos (~8) and —sin 8 = sin (=0).
It follows that
z+%= cosf +isin@+cosf —isinf=2cosb
z—%=r.059+isin8— (cos @ —isinf) =2isinf



Also,

7' = (cos@ +isin )" = cosnb + isinnb By de Moivre's theorem.
% =z"=(cos@+isin@)™”
= (cos(—nb) + isin(-nb)) Apply de Moivre's theorem.
=cosnf —isinnd Use cos 8 = cos (=0) and sin (—6) = —=sin 6.

It follows that

z”+%=cosn9+ isinnf + cosnd — isinnd = 2 cos nf

Z'- —,1,—, = cos nf + isin nf — (cos nf — isin nd) = 2isin né

It is important that you remember and are able to apply these results:

"7+ % =2cosf 7y % = 2cos nf m In exponential form, these results are
. equivalent to:
1 g - - " l = - -
" Z-z=2lsn? - " 2SNt cosnf = %(e""’ + e~Inf) sin né =Eli(e'"" — e~inf),

e )

Express cos’ § in the form acos 56 + hcos 30 + ccos 6, where a, b and ¢ are constants,




a Express sin* @ in the form dcos46 + ecos 26 + f, where d, e and fare constants.

b Hence find the exact value of f ? sin“ 6 dé.
0




m nth roots of a complex number

You can use de Moivre’s theorem to solve an equation of the form z = w, where z, w € C.
This is equivalent to finding the nth roots of w.

Just as a real number, x, has two square roots, Vx and —vx, any complex number has z distinct nth roots.

® |f zand w are non-zero complex numbers and # is a positive integer, then the equation 7" = w
has n distinct solutions.

You can find the solutions to z” = w using @ ok ot Band
de Moivre's theorem, and by considering the fact STl O_for integer values of k

that the argument of a complex number is not unique.

® For any complex number z = r(cos 6 + isin 8), you can write z = r(cos (6 + 2k ) + isin (6 + 2k)),
where k is any integer.

a Solve the equation z3 =1,
b Represent your solutions to part a on an Argand diagram.
¢ Show that the three cube roots of 1 can be written as 1, w and w? where 1 + w + w?=0.




® |n general, the solutions to z” = 1 are 7 = cos (?) +isin

are known as the nth roots of unity.

=e% fork=1,2,...,nand

- (sz) 2k

If nis a positive integer, then there is an nth root of unity w = e such that:

* the nth roots of unity are 1, w, w?, -+, w"1!

o 1, w, w? -+, w" ! form the vertices of a regular n-gon

e l+w+w2+...+w"™l=0

Solve the equation z4 = 2 + 2i/3.







Solve the equation z* + 4v2 +4iv2 = 0.

@ Solving geometric problems

You can use properties of complex nth roots to solve geometric problems.

® The nth roots of any complex number a lie m Thelcenticora
at the vertices of a regular n-gon with its regular polygon is considered to

centre at the origin. be the centre of the circle that

The orientation and size of the regular polygon will passes through all of its vertices.
depend on a.



For example, the sixth roots of 7 + 24i form this
regular hexagon. Each vertex of the hexagon is
equidistant from the origin, which lies at the centre
Re of the circle passing through all six vertices.

m Explore nth roots of complex

numbers in an Argand diagram using GeoGebra.

| e —

You can find the vertices of this regular polygon by finding a single vertex, and rotating that point
around the origin. This is equivalent to multiplying by the nth roots of unity.

® If z, is one root of the equation z” = 5, and 1, w, w?, ..., w1 are the nth roots of unity, then
the roots of z” = s are given by z,, z,w, z,w?, ..., 7w

The point P(vV3, 1) lies at one vertex of an equilateral triangle. The centre of the triangle is at the origin.

a Find the coordinates of the other vertices of
the triangle.

b Find the area of the triangle.




 Summary of key points

1 You can use Euler’s relation, e = cos 6 + isin 6, to write a complex number z in exponential

form:
7 = reif

where r=|z| and = arg z.

2 For any two complex numbers z; = r,e% and z, = r,e',
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3 De Moivre’s theorem:

For any integer n, (r(cos @ + isin 6))" = r*(cos né + isin né)

1
4 . z+%=2c050 + 2" +— =2cosnf
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6 If zand w are non-zero complex numbers and n is a positive integer, then the equation z” = w

has » distinct solutions.

7 For any complex number z = r(cosé + isiné), you can write

z =r(cos (0 + 2km) +isin (6 + 2kn))
where k is any integer.

8 In general, the solutions to z” = 1 are z = cos (2—@) +isin (——

n
are known as the nth roots of unity.

ZWk) =efork=1,2,..., nand

n

If nis a positive integer, then there is an nth root of unity w = e such that:

* The nth roots of unity are 1, w, w?, ..., w"!

* 1w ? ..., w1 form the vertices of a regular n-gon

s ltw+w?+...+wl=0

9 The nth roots of any complex number s lie on the vertices of a regular n-gon with its centre at

the origin.

10 If z; is one root of the equation z" = s, and 1, w, w?, ..

roots of z” = s are given by z,, zyw, z,u?, ..., ZyW" L

., w"! are the nth roots of unity, then the



