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Further Maths AS1
Matrices

Exercise 64 _ Questions 4,6-10
4. Find the values of x and y in each of the following matrix equations.

oG (6 9-( ) »0)-0-(9
@ 0)+()-0) @A)
WG Y-GY) ol xI)-6))
ol )69 w0
o(1)-() e (390-0

5. By letting A = (‘: Z) and B = (; ‘:) prove that (AB)T = BYAT and
that (AB)™' = B7'A"".

a2 o (§ e (4 oo (4

the 2 x 2 matrices X, Y and Z given that AX = B, BY = C and
CZ = D.

o N

T.ITA = ( 3 z)ﬁndlhcvalucsofmandngwcn that A = mA + nl

where 1 is the identity matnx (:] (:)

2
8. Find the possible values x can take given that A = ("; ;x)
3 6
2

9. Solve the following simultaneous equations by matrix methods.
@ x=-y=35 ) x-3y=3 © x+3=
Ix+2y=35§ S5x -9 =11 2x — 4y = |

=3 T =] -4 =3 3
0. IfA = 2 =] JJandB = | -5 -4 7 | find AB.
-] 1 I l i =1

Hence find the values of x, y and z satisfying the three equations
~4x — 3y + Sz =13
~5x — 4y + Tz =4

x+y—-2z=0.

n-( )andAB BA.

Answers
4.(a) =4, 11 (b) =2,-3 (c)2,4 (43 (2, -1 (NS519 (g —-1,4 (h) 2 -]
m =32 (-3

6.I=(; '1) Y=(_; _;) z=(i _:) 7.4, -11 8 -} or 3

1 00
9.(a) x =3, y= -2 Bx=1Ly=—-4% C)x=Wl,y=1 10*(0 | 0),—1.2,1.
0 0 1



Exercise 6B Questions 1,3,5-10,13
1. The points A(3, 2), B(—1, 4), C(2, 5) and D(1, — 1) are transformed to

A", B, C, and D' by the transformation matrix (3 _g). Find the

1
coordinates of A’, B', C', and D',
2. Under a certain transformation the image (x’, ¥') of a point (x, y) is

obtained by the rule:
x\ . 1 2\/x
¥ =1 3y
Find (a) the image of the point (2, 1), (b) the image of the point (— 1, 3),
(c) the point with an image of (1, —6), (d) the point with an image of (— 1, 11).

3. Find the 2 x 2 transformation matrix that will map the point (-2, 3)
onto (=7, 6) and (1, — 1) onto (3, —1).
Find the image of the point (— 1, 3) under this linear transformation and
the coordinates of the point that has an image of (6, —2).
S, Find the 2 x 2 transformation matrices P, Q, R and S given that
(a) matrix P represents a reflection in the y-axis,
(b) matrix Q represents a 90° clockwise rotation about the origin,
(c) matrix R represents a reflection in the line y = x,
(d) matrix S transforms the point (2, —3) to (4, 14) and the point (1, 3)
to (11, =2).
Use your answers to (a), (b) and (c) to show that a reflection in the
y-axis followed by a 90° clockwise rotation about the origin is equivalent
to a reflection in the line y = x.
6. The linear transformations shown below are shears transforming OABC
to OA'B'C'. For each transformation, write down
(i) the associated 2 x 2 matrix,
(ii) the equations of the transformation in the form x” = ax + by
y' = ex + dy.

(@& . _ ' . (b)

7. A st shape is transformed to a 2nd shape by the transformation matrix

(‘2' ;) and a 3rd shape is obtained from the 2nd shape using the

transformation matrix (:: ;) Find the single matrix that would

transform the st shape to the 3rd shape direct. If the Ist shape has an
area of 5 sq. units, find the areas of the 2nd and 3rd shapes.

8. Find the matrices corresponding to the following linear transformations.
(a) 18B0® rotation about the origin, (b) enlargement scale factor 3, centre (0, 0),
(c) reflection in the line y = —x, (d) stretch (% 2) parallel to the y-axis, x-axis fixed,
(e) shear with x-axis fixed and (0, 1) = (1, 1), (F) shear with y = x fixed and (1, 0) — (0, — 1),
(g) stretch (x 3) perpendicular to y = —x and with y = - x fixed,
(h) shear with y = x fixed and (0, 2) — (4, 6),
(i) shear with y = 2x fixed and (0, 4) — (—2, 0).



9. Give a geometrical description of the effect of each of the following
transformation matrices.

@) ®G3) @) @) ©(o0)
(M) (: :) ® (‘3} };) (h) (; ?) i) (1 ﬁ) 0 (j i)
10. Prove that the transformation matrix (_g _i) maps all points of the

x-y plane onto a straight line and find the equation of that line.

13. A cerwain transformation maps a point A(x, y) onto its image A'(x’, ¥')
according to the rule:

X" 3 3\/x -4
()= (=2 -)6)+ ()
Find (a) the image of the point (2, — 1),
{b) the point with an image of (— 7, 6),

(c) the coordinates of the point that is mapped onto itself by the
transformation.

Answers

L9 =3),(=3 —13),(6, =13, (3,4 2(a)@&1) (b) (510 (© G -1 @ (=52
1@ ‘;).(—5.9142.-21

4@ (5. -3.05, 9,03, =76, =) ® $sq.uits @ (3 §)
OO C 96 2

6. (a) (i) (; f) (ii) ; - ¥ omae (; ?) () ; -4y

7. (]g 1;} 10 sq. units, 30 sq. units

8. (2) ("(', _?) (b) (f, 0) © (_',’ '(',) @ (", ‘2’) (®) ((', :)
o(-1y) oFfz) o) oY)

-

9. (a) reflectionin y = x (b) enlargement ( x 5) centre (0, 0)
(c) stretch (% 3) parallel to x-axis, y-axis fixed (d) mapping onto (0, 0)
(e) mapping onto x-axis (f) mapping onto y = x

(g) enlargement (x 3) centre (0, 0) and reflection in y = x
(h) shear with y-axis fixed and (1, 0) — (1, 2) (i) mapping onto y = 4x
(j) shear with y = x fixed and (1,0) = (-2, —3)

x' -1 0 2 X'm g2
10.2¢ + 3y = 0 lz.(a)(y.)=( g ,)(;)+(3) Oyt s
13. (@) (=1L, -1 0®) (=32 © (-2



Exercise 6C Questions 1,3,4,5,6,8,10,13,14,17
1. Find any invariant points of the transformations given by

(a) x" =3y + 2 (b) x'_23 x\ 4 -3
yV=2x—-y+4 y 1 OAy 5
x' -1 4\(x 5
@ (5) - ( 2 -5)(y) " (—3)
2. Two transformations P and T transform the point (x, y) to its image

(x', ') according to the following rules:
{x'=3x+y X =x-y-3

y myx-=i y=1-x
Express the transformations P, T, PT and TP in the form

(v)= ¢ 2)6)+ )
y L] s y *
Find any invariant points under the transformation

(a) P, (b) T, (c) PT, (d) TP.
3. Find the equations of the image lines formed when the lines y = 2x + |

.
4. Find the equation of the image line produced by translating all of the
2
1)
5. Find vector equations of the image lines formed when the lines

r= (_:) ¥ ;.(g) and r = ((',) + ).(_f)mmromed using the matrix (; _?)

6. Find the 2 x 2 transformation matrix T that maps (3, — 1) onto
(13, =7) and (=1, 3) onto (1, 5). Find the equations of the lines
obtained when Tisappliedto y = x, y + 2x = Jand y = 2x + 3.

and 3y = 2x — | are transformed using the matrix (_l 3).

points on the line y = 3x - | by the vector(

-]
y = 2x + 3, Find the equation of L.
8. Find the vector equation of the line which, when transformed by the

matrix (i ;) has an image line r = (}) + .1("}).

9. A transformation T assigns to any point (x, ) an image (x', »')

. xy _ -1 2ZY/x -2
according to the rule (y') = ( 0 5)(}_) + (_4),
(a) Find the equation of the image lines obtained when all points on the
lines y = 2xand y = x — 3 undergo the transformation T.
(b) Prove that the line y = 3x + 1 maps onto itself under the
transformation T,

7. The transformation matrix (; 2) transforms a line L to the line

10. Prove that the transformation matrix (_; - ;) maps all points on the

line y = 3x onto themselves.



11. Prove that all lines of the form y = x + a are mapped onto themselves

under the transformation given by the matrix (; ::)

12. Prove that the lines y = x + Sand y + 3x = | are mapped onto
themselves under the transformation that maps (x, y) onto (x', »")

according to the relationship (';) - (g ;)(;) + (_;)
13. Show that the transformation with matrix (__ : g) maps all points

on the line r = (‘l‘) + A(_ :) onto a single point and find the position

vector of this point.

14. Show that the transformation with matrix ("; | §) maps all points

ontheliner = 21 + 3j + A(i + 2J) onto a single point and find the position
vector of this point.

15. Prove that all points on the line y + 3x + 2 = 0 are mapped onto a
single point under the transformation that maps (x, y) onto (x', y")

. . .. F 3 lyx 1
according to the relationship (y') (3 le) + (3) and find the

coordinates of this single point.

16. Find the equations of any straight lines that pass through the origin and
that map onto themselves under the transformation defined by the
matrix

-5 2 -3 3 a |
(@ (_4 ,) (b) ( : _5) © (8 a)

17. Find the 2 x 2 matrix that maps (I, 2) onto (—3, 0) and (=2, —3) onto
(2, —1). For the transformation defined by this matrix, find the
equations of two invariant straight lines passing through the origin.
Which of these two lines is a set of invariant points under the
transformation?

Answers

I (a) (=4, =2) (b) (-3,2) (c) (44, 1)
3 1\(x 0 [ 2 -1 ~3\ (5 -3 -8
2 (1 0)G)+ (01 9)6) - (G 2)6) - (=5
s N x -2
(- -06) ()
(@& -9 M@ -1 © 20 @1 -1
LTy=Sx+6x=3y+2 4y=3x-4 & r=(_§)+ A(l:),r=(;) + A(';)

s.(_; f).x+7yno.4x+y-z7.y-3 Ty=x+l s.:-(_:)+.a.(‘§)

9. (a) 3y = 10x + 8,y = 5x + 21 13. (_;) 14, =2 + 3j 15 (-1, 1)

16. (@) y=x,y=2x M)y =x,y+x=0 (¢ y= +2/2x

1?.(;_ :T).y-x.ly-x;y-x 18. 8,y = 2x

19.(3) y=x+63=2x+12 ®Myt+tax=Ly=x+1 (©y=2,y=2x—6
dy=x-1 (&) p=3x-9



Exercise 6D Questions 1a,23,3,4

1. Find the matrices which represent the following linear transformations.
(a) a rotation of 30" anticlockwise about the origin,
(b) a rotation of 45" anticlockwise about the origin,
(c) a rotation of 120° anticlockwise about the origin.

2. Find the matrices which represent the following linear transformations,
(a) a reflection in the line y = /3x,
(b) a reflection in the line /3y = x,
(c) a reflection in the line y = 2x.

3. Give a geometrical description of the transformations corresponding to
the following matrices

I EE I

4. Find the matrix equations wp}mnlifxg cach of the foll'owing t'mnsformau'ons.
(a) a rotation of 90° anticlockwise about the point { ~ 1, 4),
(b) a rotation of 180" about the point (3, — 1),

(c) an enlargement, scalc factor 3, centre (2, — 1),
(d) a reflection in the line y = x + §,

(e) a ghde reflection in the line y = x + 5 with the point (0, 5) mapped
onto (3, B).

Answers

3 -1 £ e -l D
Ll ? 2] ® (*,” ‘3 (c)( - 2,)
2 7 NZ I 73

J3

2

13
2.(1)("; 21

7

LI ) _3

2 2 5

(b) A 1] @O 4
2 2 5

3. (a) rotation of 531" anticlockwise about origin (b) reflection in 2y = x
(c) rotation of 53-1° anticlockwise about ongin and enlargement ( x 5), centre the origin

(G000 ) D0 ()
@()=6 96+ @)~ )6 ()
@ ()= o)6) ()




P4 Book Ex4B Questions 3, 4alt

3 Evaluate:

o e ——
P T - o — ot I e o | o] — D L
i o B o' | [ | | — Wy [
o1 - —_ | — e Wy = — — e — e — —
—_— | |
oy — = ™ — [ I ] 1 —
[ [ B _ = e S I |
— e v M Y S e N e
— — o~ —_— — p — —
< =) =) & Z <) o) L
.//.r ) ........u.
S
- —_ o e— e
= | 4.__..:._Jn,_f~ P e A B o B
:bY =N o B [ TR =1 ]
P ﬂr!ﬂ...,_/ S R=a [ ol
2 v en oo e | Ny =) — — oy
R= (. ol — e o= el |
w e — [l _— ] — oy
= I ] — | - | | | e o— el e = el o o— e
NGO C) o < e 2 g o)
= ) N ™
Lo T ]
oo O [
Lo B a i e} o = o o — ]
— = el el el el el _ _
1 | — T — O I~
= [ [ ] T — _
S - el —
o = @ i o oo ol | NS |
[ e e
N\ = < R B
[F=IRToRv
oS o | -
_ _ _ ol o
= o1 et el |
[ Wt | —_—
—— p— o1 o — —_ =t =l | e =)
— —  elen | I b
- o Ll =Nas = s IS R
-~ \ | — e | |
o o i)
- = S B KNC)

Answers

(d)2

(b) =2 (c) -5

3 (a) 1

(229 ()2

() -29 (ko

(f) 0

(e) =9

(i)” —36

(m)0

URY

(0)6

(n) -4

—
—_—

=1 - "

— O [ 101_._

p—

Il o %0 o

| —_— O =

o D ND _l__
_ =+ — O

—

..dlll.l_ll\.\ _ 1 W o
. .I._.ﬂl.m f-ll.lll\\f -
o~ — —
=) = =

T
[
el —
. I
Tl R =
=1 —
o~ —" "y en T
— . R
- [ _ —len I
— — — o —
= = 2 Zz )
-T

-2
-1
~1
4
)

0 -3
0 (3
(Q%(

6

0
~13
-5
-3

0

-10

-2
0

0



P4 Book Ex4C Questions 1,4,5,8

r(3)-(5)
y
X X
v (J")H(Ex—i-}’)
find the matrix that represents (a) T (b) U (c) TU (d) UT.
r(3)-()
¥y x
U ( )H(b‘

"
(1 Given that
-~ X+y

xX—y

X

4 JGivcn that

X

)

'8 Given that

X
Uil y

x—y+3z
2x+y+4z
y+z

[

x+3y—2z
—2x — 9y + 5z
x+ 10y + 4z

—

find the matrix that represents

@7 U ©@u! (@ W

9 Given that

Y y 2 1 3
_ - -1 1 0 2
find the matrix that represents (a) T L)y U (@) (UT) . ao| 4 7) and B——'( 4 —9 5)
5 'Given that . s find () AT (b) BT :
Hence find (¢) (AB)" (d) (BA) .
T: 1y |— ¥ .
10 Given that
z —y+=z 2 -~ 3 1 2 ;
|1 4 —7| and B={ 3 1 -
X —x+ 2y -3z A (6 6 _3) -1 1 3
: 2x—y+4 -
U N 3x :4— z find (2) A" (b) BT. )
: YA Hence find (¢) (AB)T (d) (BA)".
find the matrix that represents (a) T (b) U (c) TU (d) UT.
faemets Lo —— swila 177
1@ (1 —1) (b)(z 1) 6 (a) (0 1 ﬁ) @3 _é _} §
0 | 1
(c)( ; ') (cl)(1 ‘) 86 32 3
-1 -1 31 17 —14 5 1
0 1 10 il 10 8 2 (b) 25 ~13 -6 1
so (V) oG noo10 3 n73
01 —17 —1 27 1 316 —373 529
© (; 0) © 5| 10 2 —14 (€ —m | —53 59 -82
< 11 3 =17 41 —48 54
5 () é (1} (1] —38 -32 10 387 169_ 26
@il 20 16 -4 (d - | 163 356 ~1
0 -1 1 49 36 —10 —218 —-91 -—14
(b) ( 2 -1 4) 7 (a) (2 1 4) 9 () (0 1 3) 2 1 6
3 4 1 10 (a) | -1 4 6
01 11 2 7 6 3 7 _3
1 8 -5 32 -2 4 1 13 -l
b -2 -
© (2 -1 4 “(l . j) (b>(1—9 1) (2 1
1 5 =3 35 2 4 -2 3
6 42 5 0 3 29 -4 20 27
-2 5 -4 (©) 4 37 17 (©) 3 2 .23 (©) 6 —1 15
(d) 4 -5 6 -1 9 13 3 19 -25 3
i) 3 4 7 0 13 4 42 9 28 =5 17
d | -20 -2 -37 @ [ 10 6 _s @ 31 —11 23
21 13 47 21 —25 —3 -23 8 -19



System of Linear Equations Questions

Qi :
Consider the following system of simultaneous equations
x—y+2z=6
2x+3y—z=17

x+9 -8z=—4

i) By evaluating an appropriate determinant, show that this system does not have a unique
solution.

i) Solve this system of simultaneous equations. (NICCEA)
Q2
Consider the system of simultaneous equations
3x+y—-2z=-4
x+2y+3z=11
3x —4y — 13z = —41
i) Solve this system of equations.

) Hence show in a sketch how the planes defined by the above equations are arranged so that
 the solution is of the form found in part i. (NICCEA)

Q3
Show that the equations
X+Ay+z=2a
X+y+Az=2b

AX+y+ 2z =2c

“here a, b, ¢ ¢ R, have a unique solution for x, y, z provided that 1 # 1 and 1 # —1.

3) In the case when 4 — 1, state the condition to be satisfied by a, b and ¢ for the equations to
be consistent.

%) In the case when 4 — —1, show that for the equations to be consistent
a+c=0
Solve the €quations in this case.

G“_’“’ a geometrical description of the conﬂgufation of the three planes represented by the
®Quations in the cases: |

D A= landgtc=o
WA= —landatc2o0. (NEAB)

Q4
Find the values of & for which the simultaneous equations
kx+2y4+2=0 |
Ix—2z=4 .
3x —6ky —4z =14 o - -

do not have a unique solution for x, yand z.

Show tl_lat, v_vhen k = —2, the equations are inconsistent, and give a geometrical interpretation
of the situation in this case. (OCR)

10



g§ :
Given that

1 1 -1
M=|1 2 -k
1 -k -1

find det M in terms of k.
Determine the values of k for which the simultaneous equations

x+y—z=1
x+2y—kz=0
x—ky—z=1

have a unique solution.

i) Solve these equations in the case-when k = 2.

ii) Show that the equations have no solution when k = 1.

iii) Find the general solution when k = —1.

Give a geometrical interpretation of the equations in each of the three cases k = 2, k = 1 and.

k=-1. (NEAB) '
Q6

Show that the only real value of A for which the simultaneous equations

Q+Dx—yp+z=0

x—20y—z=0 -
4x —y—(A=-1z=0
have a solution other than x =y =z =01s —1.
Solve the equations in the case when A = —1, and interpret your result
Zcometrically. (NEAB)
Q7

Consider the system of equations x, y and z,

2x+3y—z=p
xX—2z=-5
gx +9y 4+ 5z =18
“here p and g are real.

nd the values of p and ¢ for which this system has:
)
i)

i)

1 Unique solution
an 111ﬁni}e number of solutions
o solution . (NICCEA)

11



Answers
1(i) det =0
(ii) (4-t,t,t+1) i.e. Solution are on a straight line (spine of a book)

7t—19 37-11t

2 (I) ( 5 5 ) t)
(ii) Spine of a book
3(a) a=b=c

(b) (i) Equation 1 and 2 are the same and 3 is a non-parallel plane
hence an infinite number of solutions

(ii) 2 parallel planes and the other plane intersecting both
4 Triangular prism

5(i) planes met at a point

(ii)Triangular prism

(iii) 2 parallel planes and the other plane intersecting both
6 Spine of a book

7(i)q + 2

(ii) 9=2, p=-4

(iii) g=2,p + —4

12



Roots of Polynomials Questions

1 a and j are the roots of the quadratic equation 3x? + 7x — 4 = 0. Without solving the equation,
find the values of:

aa+f b af c

+ d a2+

|-

i1
x
2 aand j3 are the roots of the quadratic equation 7x? — 3x + 1 = 0. Without solving the equation,
find the values of:
aa+f b af cé+é d a?+ @
3 aand 3 are the roots of the quadratic equation 6x - 9x + 2 = 0. Without solving the equation,
find the values of:

aa+f b a?x 3
c é*_% d o*+ @ m Try expanding (o + 3)*.

4 The roots of a quadratic equation ax? + bx + ¢=0are ¢ =2 and = -3.
Find integer values for ¢, b and c.

5 The roots of a quadratic equation ax? + bx + c=0are a = —% and g = -%
Find integer values for ¢, b and c.

~1+i Pt
g o) 2

6 The roots of a quadratic equation ax’> + bx + c=0are a =
Find integer values for @, b and c.

7 One of the roots of the quadratic equation ax® + bx + c=0isa=-1 - 4i.
a Write down the other root, 5.
b Given that @ = 1, find the values of b and c.

@ 8 Given that kx? + (k — 3)x — 2 = 0, find the value of k if the sum of the roots is 4.

@ 9 The equation nx? - (16 + n)x + 256 = 0 has real roots a and —a. Find the value of n.

@ 10 The roots of the equation 6x? + 36x + k = 0 are reciprocals of each other. Find the value of k.
® 11 The equation mx? + 4x + 4m = 0 has roots of the form k and 2k. Find the values of m and k.

@ 12 The equation ax® + 8x + ¢ = 0, where @ and c are real constants, has roots & and a*.
a Given that Re(a) = 2, find the value of a.
b Given that Im(e) = 3i, find the value of ¢.

(P) 13 Thecquation 4x? + px + g = 0, where p and ¢ are real constants, has roots o and a*.
a Given that Re(a) = -3, find the value of p.
b Given that Im(c) # 0, find the range of possible values of g.

ANSWERS
Exercise 4A
1 a - b -3 ¢ I d 2
2 al b 1 ¢ 3 d —5
3af bi 3 4%
4 a=1,b=1,c=-6
5 a=6,b=5¢c=1
6 a=2,b=2,¢c=1
7 a -1+4 b b=2,¢=17
g8 3

5
9 -16
10 6

5

11 k:@anclmz-z‘s—zork=—».@a.ndm=¥
12 a -2 b -26

13 a 24 b g>36



Lo ©

1 «, and ~ are the roots of the cubic equation 2x* + 5x2 - 2x + 3 = 0. Find the values of*

aa+f+y b aBy ¢ af+ By + o d %+%+%

2 a, F and - are the roots of the cubic equation x* + 5x? + 17x + 13 = 0. Find the values of:

aa+f+y b afy ¢ af+ 8y +a d o?fy

3 o, fand « are the roots of the cubic equation 7x? — 4x? — x + 6 = 0. Find the values of:

a a+F+v b afy ¢ a’fy? d %-Iw-é‘-i-%

4 The roots of a cubic equation ax® + bxl+ ex+d=0are o = % = L and v=1.
Find integer values for a, b, ¢ and d. -

5 The roots of a cubic equation ax® + bx? + ex+d=0area=1+3i,F=1-3iand v =%

Find integer values for @, b, ¢ and d.

6 The roots of a cubic equation ax?® + bx? + ex + d = O are v = % g= —% and v =
Find integer values for @, b, ¢ and d.
7 The cubic equation 16x* — kx? + 1 =0 has roots o, 3 and ~.
a Write down the values of a3 + 3y + ya and af.
b i Given that o = /3, find the roots of the equation.
ii Find the value of L.
8 The cubic equation 2x? — kx? + 30x — 13 = 0 has roots a, 3 and .

a Write down the values of a3 + 37 + ya and afv, and express & in terms of
o, §and 7.

__b Given that o = 2 - 3i, find the value of k.

9 The cubic equation x* — mx + n = 0 has roots 1, -4 and c.
a State, with a reason, whether a is real.
b Find the values of m, n and «.

10 The cubic equation 2x3 = 10x? + 8x — k=0 hasaroot at x =3 — 1.
a Find the other two roots of the equation.
b Hence find the value of k.

(2 marks)

(5 marks)
(1 mark)

(3 marks)
(4 marks)

(1 mark)
(4 marks)

(4 marks)
(2 marks)

11 The cubic equation x? — 14x? + 56x — 64 = 0 has roots o, ke and k2o for some real constant k.

Find the values of a and &.

12 Given that the roots of 8x* + 12x? —ex + d =0 are a, % and a -4, find @, cand d.

(5 marks)

(5 marks)

13 Given that the roots of the cubic equation 2x* + 48x? + cx + d =0 are o, 2a and 3a, find the

values of o, ¢ and d.

ANSWERS

Exercise 4B

1 a -3 b 3 ¢ -1 d £

2 a -5 b -13 c 17 d 169

3 a i b -$ c -2 d 1

4 a=4,b=-12,c=11,d=-3

5 a=2,b=-5¢=22,d=-10

6 a=16,b=-4,c¢=-32,d=15

7 a af+Py+ya=0,a8y=-%
bia=}8=f7=— i 12

8 a af+By+ra=15afy=2k=20+8+7 b 9

9 a Yes - there are two other real roots, so o* couldn’t

also be a root.
b m=13,n=12,a=3
10 a -land3+i b -20
11 a=2andk=20ra=8andk=%
12 a=1,¢=32,d=12
13 a=-4,¢=352,d=768

(5 marks)



Exercise @

| N 5 A
4 \f:, oy f g t;‘ ¢ roots of the quartic equation ANSWERS
A X 2X° — -\—_4=0.W. . " i
find the values of: ithout solving the equation, m izl Exercise 4C
N ALY 1 a -3 b 1 5 5
a a+f+y+4 I / T = c d &
g ¥ b c;ﬂ+la'y+a6+ﬂ'y+ﬁd+76 B0 o) o0 oy 2 a -2 b3 i T
By + afd + avé + By d E+E+%+% Bd d 1 e 1 z
2 0,8,y ; : 3 a -3 b 2
@, £,y and ¢ are the roots of the quartic equation 2x* + 4x3 — 3x2 = x 4+ 2 = . al . i c 1
a a+B+y+6 oo x* — x + 2= 0. Find the values of: s 5
d +a’7+06+ﬂ":"+65+’)’6 c ():ﬁ'y{-aﬁ& ~ c 4 a -7 b i c -4
apys PR V) G +ayd + Byo 4 o2 ;
g g 3 3
3 o, and § are the roots of the quartic e nation ¥4+ 3x3 + 23t —x+4=0. =
Fifd:hevaluesof' ! 4 5 a=12,0=40,c=25d=-20,e=-12
: 6 a=6b=-11,c=9,d=4,e=-2
aa+f+y+d b af + ay+ b+ By + G0+ 0 ¢ afy+afi+ayd+ B0 7 a=72.b=-102 c=-25d=53,e=~-12
d af~yd e @80 ' 8 x=1,350r7
9 x=111lg L
d"-l's 16
4 @, B, ~and § are the roots of the quartic equation Txt+ 6x2 = St +4x +3=0. 10 a #% b m=-60,n=45
Find the values of:
aa+f+y+d b af+ay+ad+ Py + B +0 ¢ afy+afi+ayd+ G0 11 a 2 b d=-494, e =420
1,111 3 AIa3 53 122 a+f+B+D)+B-D=F=4a+40+5=0
dats*y"s e aB0 af(3 + DB -1)=10af="2 = 4a8-1=0
b -1,-}3+1,3-i,p=11,9=44

Jras
W
"
|
2=
3
1
|
)
-]
B
.
(=21
]
L b

5 The roots of a quartic equation ax* + bxttexl+de+e=0area=-3

3 c Im
Find integer values for @, b, ¢, dande. 34+
6 The roots of a quartic equation ax* + bit+ext+dx+e=0area= —-.,E, f= % ~y=1+iand a1 -3
5=1—i. Find integer values for 4, b ¢ dande. 0 e
7 The roots of a quartic equation ax* + had + ex2+ dx + e = 0 are such that Da = }—; Do = -E%, |\3_ i

Tafy= —% and afyd = —;'.;, Find integer values for a, b, ¢, d and e.

(%}

1 o5 03 152 ot

8 The quartic equation x*— 16x* + 86x7 — 176x + 105 = 0 has roots &, a + k, o + 2k and o b “a0=0
o + 3k for some real constant k. Solve the equation. (7 marks) e 2 i
1+3i
2
9 The quartic equation 30725 — 28807 + 840x% - 90x + 3 =0 has roots a, ra, ria and o for
some real constant r. Solve the equation. (7 marks)
& ] 2 R
10 Three of the roots of the quartic equation 40x* + 90x* - 115x + mx +n=0Oare 1, -3and ! °
a Find the fourth root. (2 marks) Lo

b Find the values of m and n. (4 marks)

11 The quartic equation 2x4 — 34x3 + 202x? + dx + ¢ = 0 has roots @, a + 1,2a+land3a+ 1.

a Find . (2 marks)

b Find the values of d and e. (4 marks)
12 The equation 4x* — 19x7 + px* +¢x + 10=0,x€C,p g€ R, hasroots o, 5,7 and 4.

Given that v=3 +iand § =%,

a show that 4o + 48 + 5= 0and that daf-1=0. (2 marks)

b Hence find all the roots of the quartic equation and find the values of p and g. (5 marks)

¢ Show these roots on an Argand diagram. (3 marks)
13 A guartic equation 6x* - 1053 + 3x2 + 6x — 40 = 0 has roots o, 3, vyand 4.

a Show that 1 ;3] is one root of the equation. (3 marks)

b Without solving the equation, find the other roots. (5 marks)

(3 marks)

¢ Show these roots on an Argand diagram.



Exercise

;

1

A quadratic equation has roots a and 3. Given that a + § = 4 and af = 3, find:

a é—,+—1- b o’ c o?+ d o?+3

8

A quadratic equation has roots o and 3. Given thata + 8= —% and aff = %, find:

aé+—;- b 262 ¢ a2+ P d of+
A quadratic equation has roots a and 3. Given that o + B = % and af = -—%, find:
a (a+2)(B+2) b (a-4)(5-4) ¢ (@?+ 1)F+1)

A cubic equation has roots a, 5 and 7. Given that a + B+v=2,a8+ PBv+vya=-3and afy=4,
find:

aé+%+—1,)7 b o2+ 3+ ca?+FP+ d (af)® + (B + (ya)?
A cubic equation has roots «, 8 and v. Given that Yo = %, Yaf = —% and a3y = %, find:
ablz+%+% b a2+ 3+~ c P+ +7 d o35

A cubic equation has roots a, 8 and . Given thata + 8+ 7= —%, af+ By+ya= % and
afy= —%, find:

a (a+2)(B+2)(v+2) b (a-3)B-3)(v-3) ¢ I-a1-51-7)
d (af) + (B7) + (ye)? e (af) +(B7) + (ya)’

A quartic equation has roots e, 8, y and é. Given that o + B+vy+d=3,
afB+ay+ad+fy+B5+8 =5, afy+afd +ayd + fyd=—4 and af3véd = -2, find:

a —31 +—15,+—~1 +—(15 b a2+ B+ +8 ¢ affiytdt
8 A quartic equation has roots o, 3, v and i =1 ;
, 3, vand 4. Given that Za =7, Yaf = —3 s
i %’ ey 3 2af = -7, Lafy 5 and
I 1 1 1
A gtgtyts b o+ 3+~ + & c a’FPpH

10

11

d (aB) +(67) + (va) + (v0)* + (ad)? + (B0)?
e (af)® + (afd) + (ayd)* + (610)

A quartic equation has roots e, 3, v and §. Given that Lo, = —2 l .
s s & T Yaf= Y by =7
afyd = % , find: » e DAL
a (a+ 1B+ Dly+DE+1) b 2-a)2-5)2-12-06)
The roots of the equation x> — 6x2 + 9x — 15 =0 are o, 3 and .
a Write down the values of a + 3 + v, a8 + v + ya and aBy. (1 mark)
b Hence find the values of:
CoL11
i 3 +ﬁ+’Y (2 marks)
i o+ 2 +42
(2 marks
iii (a-1)(B-)(y-1) 3 marks;
The roots of the equation 2x3 + 4x? + 7= 0 are o, § and .
a Write down the values of a + 3+ 7, a3 + 87 + yo and a3y. (1 mark)
b Hence find the values of:
;i Z; ﬁ-l; ’g- + - (2 marks)
2 marks
i (a+2)(F+2)(v+2) EB marks;

16



12 Show thatad + B+ =(a+B+7) - 3a+ B+ )b+ B + ya) + 3a3y.
13 The roots of the equation 3x* — px + 11 =0 are «, F and .

a Given that af + 3y + ya = 4, write down the value of p. (1 mark)
b Write down the values of a + 3 + v and a57. (1 mark)
¢ Hence find the value of (3 — @)(3 - 5)(3 - 7). (3 marks)

14 The roots of the equation x* + 2x? - x + 3 = 0 are a, 4, v and 6.

a Write down the values of Lo, Saf, Safy and af7ys. (1 mark)

b Hence find the values of:
1 1 1 1

i Q+E+-,]—,+E (3 marks)
i o+ 2+ + 62 (3 marks)
il (a+D)@E+ D+ DG +1) (3 marks)
15 The roots of the equation ax*+ 3x3 + 2x2 + x — 6 = 0 are v, 3, v and 6.
a Given that a5vd = -3, write down the value of a. (1 mark)
b Write down the values of o, ¥af and Lafy. (1 mark)
1 1 1 1
¢ Hence find the value of g 3 N+ 5 (3 marks)

16 Prove that if a quartic equation has roots o, 3, v and & then a2 + B2+ 42+ 82 = (Za)? - 28ap.

ANSWERS

Exercise 4D

1 a i b 9 c 10 d 28
9 65
2 a -3 b c 3 d&
3 a ¥ b 2 ¢ 81
4 a -3 b 10 ¢ 38 d =7
59 87 1
5 a 3 b 1 ¢ 5 4 3 23
: 3 a2
6 a I b -5 ¢ 32 d 2 g B
7 a 2 b -1 ¢ 16
7 6 823 51
ol _2% b 3 ¢ 2_; d 3% e 3
23 5
10 a a+,8+~,-=6,0-(3+‘3—},+70‘.=9’0.‘3.,,=15
bi? i 18 iii 11 )
11 a a+|8+’)'=—2'a|8+67+7a=0'0:I3,),=__é
b i4 ii _3:73 ii __;_

12 (a+B8+vP=la+ 3+ + F#+4° + 2al + Gy +72))
=at+ P+ +al@+ )+ B+
+ (a2 + 3 + 2(a + F + af + fy + y0)
(a+ 8+ v)Naf + By + ya)
= o203 + o + oy + Yo + Py + P8 + 3afy
= a(f + 9 + fla? + 43 + yla® + 89 + 3aBy
@+B8+7P=a+ P+ + 3+ 8 +1)af + By +va)

- 3afy
B+ P+3=(a+B+P -3+ G+l + By +ya)
+ 3afy
13a -12 b a+B+7y=0,a8y=-% c 12
14 a Ya=0,Y>08=2>afy=1,a8yw=3
b iy i —4 iii 7 1
15 a 2 b Za:—%,Za,ﬁ=],Z&ﬁ7=—% c 3

16 (Ya) =(a+4+7+0)
=i+ P+ + +22(a,3 4+ By + 6 + ay + 35 + ad)
s+ B+ +8=>a) -20F+ By +6+ay+ 38
+ ad)



Exercise @

1 The cubic equation x3 — 7x2 + 6x + 5 = 0 has roots a, B and 7.

Find equations with roots:
a (a+1),(B+1)and (y+1) b 2a, 23 and 2y

2 The cubic equation 3x* - 4x2 - 5x + 1 = 0 has roots a, 3 and ~.

Find equations with roots:

a (a_3)’(ﬁ—3)and(7—3) b—q,éandz
2*.2 2
3 The cubic equation x3 — 3x2 + 4x — 7 = 0 has roots a, § and 7.
Without solving the equation, find the equation with roots (2 + 1), (20 + 1) and (2 + 1).
Give your answer in the form aw?® + bw? + cw + d = 0 where a, b, c and d are integers to be
determined. (5 marks)
4 The cubic equation x3 + 4x2 — 4x + 2 = 0 has roots a, § and 7.
Without solving the equation, find the equation with roots (2a — 1), (23 - 1) and (2v-1).
Give your answer in the form w? + pw? + gw + r = 0 where p, g and r are integers
to be found. (5 marks)
5 The cubic equation 3x3 — x> + 2x — 5 = 0 has roots o, § and 7.
Without solving the equation, find the equation with roots (3a + 1), 35 + 1) and (3 + 1).
Give your answer in the form aw? + bw? + ew + d = 0 where a, b, ¢ and d are integers to be
determined. (5 marks)
6 The quartic equation 2x* + 4x3 — 5x? + 2x — 1 = 0 has roots , 3, v and 4. Find equations with
integer coefficients that have roots:
a 3a,38.3yand35 b (a-1),(3-1),(y-1)and (6-1)
7 The quartic equation x* +2x3 = 3x>+4x+5=0 has roots a, 3, v and 0.
Without solving the equation, find equations with integer coefficients that have roots:
a 2o, 2f,2yand 24 (6 marks)
b (a-2),(8-2),(y—2)and (6 -2) (6 marks)
8 The quartic equation 3x* + 5x* = 4x? - 3x + 1 = 0 has roots c, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:
a 3a, 30, 3vyand 36 (6 marks)
b (a+1),(B+1),(v+1)and (6 + 1) (6 marks)
ANSWERS
Exercise 4E
1 a w-10u+23w-9<0 © @ 2w'+12w’-45u?+54w-81=0
b w® - 14w+ 24+ 40 =0 b 2w*+ 12w + 1902 + 12w + 2=0
2 a 3wl+23w+52w+31=0 7 a w'+4w-12u”+ 32w +80=0
b 24w -16w* - 10w +1=0 b w'+ 10w’ + 33w? + 48w + 33 =0
3 w-9uw?+31lw-79=0
4 w+11lw*+3w+9=0 § a w‘4+5w33—12121)2—27w+27=0
5 w'-dw?+1lw-53=0 b 3w!-Tw-w*+8w-2=0

18



Mixed exercise

1

10

11

12

The roots of a quartic equation ax* + bx* + ¢x? + dx + e =0 are a = é B=—57= —% and ¢ = —%
Find integer values fora, b, ¢, d and e

The cubic equation x* + px2 + 37x — 52 = 0 has roots «, 4 and v.
a Write down the values of o3 + 5y + ya and afy, and express p in terms of o, 3 and . (3 marks)

b Given that @ =3 - 2i, find the value of p. (4 marks)
The cubic equation 2x* + 5x2 — 2x + ¢ =0 has a oot at x = =2 + i,

a Find the other two roots of the equation. (4 marks)
b Hence find the value of ¢. (2 marks)

The quartic equation x* — 40x? + 510x2 — 2200x + 1729 = 0 has roots a, & + 2k, o + 4k and
@ + 6k for some real constant k. Solve the equation. (7 marks)

Three of the roots of the quartic equation 24x* — 58x* + 17x? + dx + e = 0 are 21, —% and 2.
a Find the fourth root, (2 marks)
b Find the values of 4 and e. (4 marks)

The equation x* + 2x3 + mx? + nx + 85= 0, x € C, m, n € R, has roots a, 3, and §.
Given that « = -2 +iand 4 = a*,

a showthaty+4d-2=0and that 7§ - 17 = 0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of n7 and . (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 4x* — 16x> + 115x? + 4x — 29 = 0 has roots e, 3, v and 4.

a Show that 2 — 5i is one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

The roots of the equation 2x* - 5x2+ 11x —9 =0 are a, Fand ~.

a Write down the values of @ + 8+ v, a8 + 7 + va and afy. (1 mark)
b Hence find the values of:
s 1 1 1
i 5*,5*7 (2 marks)
i a2+ 3+2 (2 marks)
i (a-1)B-1)-1) (3 marks)
The roots of the equation px* + 12x> + 6x2 + 5x = 7= 0 are a, 3, y and 6.
a Given that afyd = -1, write down the value of p. (1 mark)
b Write down the values of Sa, o and Say. (1 mark)
¢ Hence find the value of a2 + 32 + 4% + 62. (3 marks)

The roots of the equation 5x? + ¢x + 21 = 0 are o, # and 7.

a Given that a3 + 8y + ya = —6, write down the value of c. (1 mark)
b Write down values for a + 3 + v and af7y. (1 mark)
¢ Hence find the value of (1 — a)(1 = B)(1 = ). (3 marks)

The cubic equation 2x3 + 5x2 + 7x — 2 = 0 has roots a, 3 and .
Without solving the equation, find the equation with roots (3a + 1), B8+ !) and 3y + 1).
Give your answer in the form pw?® + gw? + rw + 5 = 0 where p, ¢, r and s are integers

to be found. (5 marks)

The quartic equation 6x* — 2x3 — 5x? + 7x + 8 = 0 has roots a, 8, g and ¢.

Without solving the equation, find equations with integer coefficients that have roots:
a 2a, 20, 2y and 26

b Ba—2),(38-2),(3y—2)and (30 - 2) (6 marks)

(6 marks)
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ANSWERS

Mixed exercise 4

1
2

3
4
5

a
b

a
0 e
a
b
a

b
c

b
c

a=250,b6=325,¢=110,d=-7,e=-6

af+By+ya=37,aBy=52,p=-a- 8-~

-10

-2-i,3 b -15
1,7,13 or 19

3

d=7,e=-2

2+ +(-2-D)+y+6=-2=~v+6-2=0

(2+)(-2-i)W0=85=5v=85=v9-17=0
Roots: -2 +1,1 +4i; m= 14, n = 58
Imlr

1+4i
-2 +1i
" Re
-2-1i
1-4i
7 a 4(2-50)*-16(2- 50 + 1152 - 51* + 4(2 - 5i)) - 29 =0
2+ 5i, +1
Im4
5 I
|
i
1
-
050 2 Re
i
1
1
]
-5
, _5 _1 9
a ﬂ+ﬁ+’}‘—§,aﬁ+ﬁ";f+'ycr—?,aﬁ’r=§
- 11 L3 3 19 LR ]
b i o n - ]].IEG
a7 b Ya=-2YaB=%3afy=-3
a -30 b cr+,£3+1.f={],a-,57=—351—

10
11
12

27 + 9w* + 39w -104 =0
a 3w -2 -10w?+28w+64=0
b 2w+ 14w’ + 21w + 43w + 298 =0

C
C

el 8IS
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Vectors Questions

*UPM Ex2B Q3,4,6,7,9,10,11,13,18,19,20

3. If ai + 8jis parallel to 2i + 4j, find the value of a.
4. Ifa = i + 2j find &, a unit vector in the direction of a.
5. Ifb = 3i — j find b, a unit vector in the direction of b.
6. Find a vector that is of magnitude 39 units and is parallel to 5i + 12j.
7. Find a vector that is of magnitude 3./5 units and is parallel to 2i — j.
8. Find a vector that is of magnitude 2 units and is parallel to 4i ~ 3j.
9. If the point P has position vector 2i + 3j and point Q has position
vector 7i + 4j, find: (a) PO, (b) QP.
10. If the point P has position vector 7i — 3] and point Q has position
vector 5i + 5, find: (a) PQ, (b) QP.

I1. The point P has position vector —5i + 3j and Q 1s a point such that
ITQ' = T7i — j. Find the position vector of Q.

12. The point P has position vector 3i — 2j and Q is a point such that
QP = 2i — 3j. Find the position vector of Q.

5
13. Usinga = (3) and b = ( B ‘) as base vectors, express the vectors

¢ = (;) and d = (_f) in the form Aa + ub.

I8. The point K has position vector 3i + 2j and point L has position vector
i + 3j. Find the position vector of the point which divides KL in the
ratio {(a) 4:3, (b) 4:- 3.

19. The three points A, B and C have position vectors a, b and ¢
respectively. If e = 3b — 2a, show that A, B and C are collinear.

20. The three points A, B and C have position vectors i — j, 5i — 3j and
Hi — 6 respectively. Show that A, B and C are collinear.

ANSWERS Ex2B
1.OA =2+ 3,08 = 3,0C = =i + 3,00 = -3i + 2j,0F = -2 - j.
OF = =2 - 2j.0G = —2j,0H = 3 — 3
2.(a) (i) 4 + 3j (i) Sunits (i) 368"  (b) (i) —4i + j (i) 412 units (iii) 14°
(¢) (i) 28 = 3j (i) 3-61 units (iii) 563°
L4 420+ SXD0I-) 615+ 36 76— 3
8.34i —3) 9 (@Si+j (b) -Si—j 10.(a) ~2i + 8 (b) 2 — 8§
.24 +2) 120 +]
138+ 2b, Aa+#Hb 14 (a) JIO (b) /5 () Si (d)S

15. (a) (_‘;) ® S (© (_;) ) J58 16.6i+j 17, (:f)
18.(a) 191+ 24) (b) =Si+ 6 21. C,Eand F
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*UPM Ex2CQ1,3,5,6,8,11,12,15,16

.LIfa=i+2b=i-2¢=2~ 3jandd = 6i + 3j, find which
two of these vectors are perpendicular to each other,

2.e= —i—=3f=0i+3,g= -3i - 2jand h = 6i — 9j, find
which two of these vectors are perpendicular to each other.

3. Find the angle between the vectors a and b given that a = 3i + 4j and
b = 5i + 12j. (Give your answer to the nearest degree.)

4. Find the angle between the vectors ¢ and d given that ¢ = 5i — jand
d = 2i + 3j. (Give your answer to the nearest degree.)

5. Find the angle between the vectors e and f given thate = —i — 2j and
f = 2i + j. (Give your answer to the nearest degree.)

6. If the angle between the vectors ¢ = ai + 2jand d = 3i + jis 45" find
the two possible values of a.

8. The points A, B, C and D have position vectors 5i + j,
—3i + 2j, —3i — 3jand i —6j respectively. Show that AC is
perpendicular to BD.

9. The points E, F and G have position vectors 2i + 2j, i + 6j and
—Ti + 4j. Show that the tnangle EFG is right-angled at F.

10. The points A, B, C and D have position vectors a, b, ¢ and d
respectively wherea = —2j,b = —2i + 4j, ¢ = 3i + 4jand
d = 4i + yj. If AC is perpendicular to BD, find the value of y.

11. The points A, B, C and D have position vectors —2i + j, 7j, 3i + 6j
and xi 4+ yj respectively. If IA_(fl - Iﬁr)l and AC is perpendicular to
BD, find the two possible values of x and the corresponding values of y.

12. Ifa = (_Z) find: (a) a unit vector parallel to a,
(b) a unit vector perpendicular to a.

15. IfOA = 2a + 3band OB = 3a — 2b show that
OA .OB = 6a® + 5a.b — 6b%.

16. If OC = 2a + 3band OD = 2a — 3b show that
OC .0D = 4a® — 95°.

ANSWERS Ex2C

l.band d 2Z.gand h 3 14 4. 68* S 14y 6. —4orl
To{a) x* + P =25 b)2x+y=0 ()x=2 (ddx+y=29 10. 1

ILx=5y=2x=-5y=12 I () (_g) (b) tG) 13. (a) (_7:;%) ®) *(z?)

14.(a) =3i + 4 (b) —6i — j (c) 9 — 3j (d) 35 117,28 17.(b) 23 18 131°
1904 20 }§/13 2. 9/5 22 (b) k7, 2k /2
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*UPM Ex17AQ1,2,4,6,7,11,12

1.1fa =9 - 2j —6k,b= 21~ 6] + 3kande = 2i - j + 2k find
(a) la] (b) bl (c) |e|] (d)a.b (e)b.c
(f) the angle between a and b (1o the nearest degree)
(g) the angle between b and ¢ (to the nearest degree).

i -2
Llflﬂ(l)andb-( ])ﬁnd
3 |

(a) |a] (b) |b] (c) the angle between a and b (to the nearest degree).
3 Ifa=3i + 4f + 12k find 4. a unit vector in the direction of a.

4
4. Ifb = ( 4) find I;. a unit vector in the direction of b,
-7

5. Find a vector that is peipendicular to 51 — j + 2k

6. Find a unit vector that is perpendicular to i + 2j — 3k.

7. State which of the vectors a, b, ¢ or d listed below are perpendicular to
the vector r = —2i + 4j + 6k.
a= -3Ji+2j+k b= —i+ 2+ 3k
c=3N+3-k d=4i — j + 2k

11. Points A, B and C have position vectors 21 + 3j — k, 3i + 6) — 3k and
5i + 12j — 7k respectively. Prove that A, B and C are collinear.

12. Points A, B and C have position vectors i + 2j — 3k, 3i + j — 5k and
2i — k respectively. Prove that angle BAC is a right angle.

ANSWERS Ex17A

L(a Il (b)7 ()3 (d) 12 (e) 16 () 81" (g) 40"

]
Z.(a) J1I (b) /6 () 76" 3. A+ ) + Bk i( i)
—%

S.i+j- 2k isoncexample 6. (i +j+ k) is one cxample

7.candd 8 14;:-2:5 4, -A. & 9 1:2:-2
10. (a) 2i — 3j + 6k or any multiple thereof (b) 4, —4.§  (c) ¥(2i - 3] + 6k)
15. 36°, 68°, 76 17. 4a + b ~ 2¢ I18. Ja = b + 2¢
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*UPM Ex17C Q1-4,6,7,93,10-13,15-17,19,20ac

1. State the vector equation of the line which is parallel to 21 + 3j — k
and which passes through the point A, position vector | + j + k.

2; State the vector equation of the line which passes through the point B,

-1 |
position vector ( 2) and which is parallel 1o the vector (2)
1 3

3. State a vector that is parallel to the line with vector equation
r=3i+4f + k + A2 + 5§ + 3k).

4. Show that the point with position vector 4i — j + 12k lies on the line
with vector equation r = 2i + 3j + 4k + Al — 2j + 4k),

5 -4 8
S. Points A, B and C have position vectors (2) : ( 5) and (l)
3 -1 7

respectively. Find which of these points lie on the line with vector

er- ()4

6. Points D, E and F have position vectors i ~ 2j, 4i — j + 3k and
7i — 8j — 4k respectively. Find which of these points lie on the line with
vector equation r = (20 — 3] + k) + A(l — J — k).

7. If the point A, position vector ai + bj + 3k, lies on the line L, vector
equationr = (2i + 4j — k) + A(i + j + k), find the values of @ and b.

9. Find the cartesian equations of the lines with vector equations
(a) r =20 + 3j — k + A2 + 3j + k),
(b) r=3i - j+ 2k + u(3i + 2§ — 4k),
C)r=2i+j+k+ n2i —j— k).
10. Find the vector equation of the line with parametric equations x = 2 + 34
y=95-21
=4 -4
11. Find the vector equations of the lines with the following cartesian
equations
Kiag P33 21 craayt2 _2z-3
@ =3 3 3 ©)x—3="3 =
12. Lines L, and L, have vector equationsr = 8i — j + 3k + A(—4i + })
andr = -2 + 8] — k + pu(i + 3j — 2k) respectively. Show that L,
and L; intersect and find the position vector of the point of intersection.
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13, Lines L; and L; have vector equations

1 B 5 wd
r= 31+ Al0)andr=|3]+ u|l O)]respectively. Show
-2 1 8 2

that L, and L, intersect and find the position vector of the point of
intersection,

15. For cach of the pairs of lines given by the following vector equations
state whether the lines are parallel lines, non-parallel coplanar lines or
skew lines.
@r=3I+2J+4+ A +2J-kandr=2+4j - k + u3i + 6j — 3K).

)y r=2i+3+k+ AMi+3J+2kandr=Ti + 3j + 5k + p(~i + 2j).
(© r=2i—3—k+ A~i+3j+2kandr=3i + 7 + 6k + u(3i + 4] + 2k).

r=i—-2j+4k + AB1I + j+ Xk)andr = —8i + 2j + 3k + u(i — 2j — k).
16. Find the acute angle between the lines with vector equations
r=2i+j-k+ A2 +3j+o6k)andr = i + 2j — 3k + u2i — 2j + k),
giving your answer 1o the nearest degree,
17. Find the acute angle between the lines whose equations are
x-42_)' 3 3 .:—|l and : I . L = ':;,givingyour
answer 1o the nearest degree.
18, The vector equations of three lines are:
linel r=3i -2 —k+ A=i + 3j + 4k)
line2 r= =2+ 4]+ k + p(—1 — 2k)
line3 r= =2+ j+ n2 - 3j + 3k)
(a) Show that lines | and 2 intersect and find the position vector of the
point of intersection.
(b) Show that lines 2 and 3 intersect and find the position vector of the
point of intersection.
(c) Find the distance between these two points of intersection.
19. Two lines L, and L, lic in the x—) plane and have cartesian equations
y = mx + c,and y = myx + ¢, respectively. Show that the vector
equations of L, and L, can be written

v ()= ) 4a) v = ()= )+ o)

Use vector methods to show that if @ is the angle between L, and L,

then tan 0 = _'!!_-_'."_3.
I + mm,

(i.c. obtain the result of page 380 by vector methods).

20. For each of the following parts find the perpendicular distance from the
given point to the given line,

4 3 |
(a) the point with position vector (2) and the liner = ( I) +).(— l)
2 -1 2

(b) the point with position vector 3i + j ~ kand theliner = i ~ 6j ~ 2k + A(i + 2j + 2k)

() the point (1, I.3)andthclincx;4-y'; ! -3 !

(d) the point (~6, 4, —5) and the linc x — 5 = $ -

z2—-3
4
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ANSWERS

page 420 Exercise 17C

ad |
Le=i+j+k+4A+3-k Z.r-( 2)+l(2)
1 3

3 2 + 5§ + 3k ormultiples thereof 5. BandC 6. F 7. 6,8
B.(a)d+3) -3k (b)r=2d-j+k+ A3+ 3 - 3k
=2 _7=3_ g%l

Cytl_z=2 x=2_y-1_

9. (a) = 3 ] (b)xj“-—3 === O =5 =
0.r=2+5+4k+A0i-2-Kk
L@r=d+2~k+A01+2J+4k) (D)r=3i -2+ 3k+ Al +4f -k

9
12. <4i + 2) + 3k ll(3>
0

14. (a) (5,0, 1) (b) lines do not intersect (c) (4, 5,9) (d) (12, -3, 3)

15. (a) parallel (b) non parallel coplanar (c) skew (d) non parallel coplanar
167" 1.6 18 (a)i+4j+ Tk (b) -4 +4f - 3k (c) 5/5 units
20. (a) /S units (b) 3/2 units (c) /11 units (d) 4,/6 units

21, (a) $/21 units (b) 4,/14 units

22. $/35 units 23, (a) /3 units (b) 3,/21 units
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*P4 Book page 213 EX6A Q1alt,2,4,5,6,7alt,9,10

Simplify as much as possible:
(a) 3ixj
(b) 2i x (i+j+k)

(© G x G+ R+ &+ x G-k
@ (+2j-k)xQi—j+k

(©) (20— 3j+K) x (—i+2j — 4k)

() (i—j+Kk)x (3i—3j+3Kk)

10

(g) (2i+j— 2k) x (—3i+4k)

(h) (2i + k) x (i~ 2j+ 3Kk)

) (2i+3j—k)x(2i—j+3k)

(i) (—i+2j— 3k) x (5i —4k)

Find a unit vector which is perpendicular to the vector

(4i + 4j — 7k) and to the vector (2i + 2j + k). [L]

Find a unit vector perpendicular to both 2i — 6j — 3k and
4i+3j— k.

Find a vector of magnitude 7 which is perpendicular to both

2i+j—3kandi—2j+k.
Find the magnitude of the vector (i +j — k) x (i — j+ k). [L]

Given that a = —i + 2j — Sk and b = 5i — 2j + k find

(a) a.b

(b) a x b

(c) the unit vector in the direction of a x b. [L]
Find the sine of the angle between a and b where

@a=2—j b=itj-k

(bya=i+j+3k b=-i+3k

(©) a==2i+j+k b=i+2j+2k

(d) a=i-2j+3k b=2i-j+3k

() a=—i—-2j+K, b=2i+3j—k

Given thata = i + 2j — 2k and b = pj + gk and that

a x b = 2j+ Ak, find the values of the scalar constants p, ¢

and A.

Given thatu = 2i — j + 2k, v = ai +- bk and u x v =i+ ck, find
the values of the scalar constants g, b and ¢. Find, in surd form,

the cosine of the angle between u and v.

Given thatr = ai + bj + ck,k xr=p, rép =Kk, where a, b, ¢
are scalar constants, show that )
A4+b =1 and ¢c=0
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ANSWERS

Exercise 6A

1 (2) 3k (b) —2j+ 2k
(c) 2k (d) i—3j— 5k
(e) 10i+7j+k (f)0

(g) 4i—2j+3k (h) 2i —5j— 4k
(i) 8i—8j—8k (j) —8i —19j— 10k

2 55—} 3 L(3i - 2 + 6k)
4 S(i+j+k 5 24/2
6 ) 14 (b) —8(i + 3j + k)

(©) = @+3j+k)
7@V GVE @
(d) % (e) &

8;):2, q:_Z’ /1:2
9 a=-1, b=-1, c=-1 -2
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*P4 book page 220 Ex6B Q1,3,5-11,13,14,16

‘1 Find the area of the triangle with vertices A (0, 0,0), £(1.2,1)
and C(-1,3,3).

2 Find the area of the triangle with vertices 4(—3, 1,4), B(0,0,0)
and C(-2,3,—1).

131 Find the area of the triangle with vertices A(1, -2, 3),

© B(-1.-1,4)and C(-2,1,5).

4 Find the area of the triangle with vertices A(2, -1, —1),
B(~2,1,~3)and C(1, -1,0).

;‘5 Find the area of the triangle with vertices 4(—1,3,1), 8(2,2,-3)
and C(=1,3, —4).

6 Find the area of the parallelogram ABCD where A is the point

with coordinates (1, 2, —3), B is the point with coordinates
{—1,3,—4)and D is the point with coordinates (1, 5, —2).

D > 8
\\\%\
.
i \\\
A fi

7 Find the area of the parallelogram 4 BCD in which the vertices
A, #and D have coordinates (—1,2,1), (3, 1, 2)and (5. 1, —0)
respectively.

B Find the area of the triangle with vertices 4(3,—1,2), B(l, -1,3)
and C(4, -3, 1).

Find the volume of the parallelepiped ABCDEFGH where the
vertices A, B, D and E have coordinates (0,0, 0), (5. -2, 3),
(2, -3,4)and (3, — 1., —2) respectively.

_iﬂl The points 4, B, C, D have position vectors
a=(2i+]) b=(3i—j+k)
c=(-2j-k) d = (2i — j+ 3k)

respectively.
{a) Find AB % BC and BD x DC.
{(b) Hence find

(i) the area of AARC
(ii) the volume of the tetrahedron 48CD. [L]
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11 Relative to an origin O, the points P and Q have position vectors
p and q respectively, where
p=ali+j+2k) and gq=a(2i+j+ 3k)and a = 0.
Find the area of triangle OPQ. . [L]

12 Referred to an origin O, the points P and Q have position
vectors 3i — 3k and i 4+ 2j — 7k respectively, Find
(a) OP.0Q
(b) OP x 00
(¢) the size, in degrees to 0.1°, of / POQ
(d) the area of AOPQ.

13 Referred to O as origin, 04 = 3i + j — 2k, OB = i — 2j + 3k
and OC = —i + 4j + 2k.
(a) Show that AB is perpendicular to oc.
(b) Find the area of AOARB.
{c) Calculate the area of A ABC.

‘14 The points A(1, —1,-1), B(-1,1,-1), C(-1,—1, 1) and
D(1,1,1) are given referred to a fixed origin O.
(a) Show that ABCD is a regular tetrahedron.
(b) Find the volume of ABCD.

15 Find the volume of the tetrahedron with vertices at the points
{15 3! _1}: {21 2: 3)! (41: 2* _2} and (31 ?14}

16 A tetrahedron has its vertices at the points O(0,0,0),
A(=1,1,2), B(1,2,—-1)and C(0, 1, 3).
(a) Determine the area of the face 48C.
(b) Find a unit vector normal to the face ABC.
(¢) Find the volume of the tetrahedron.

17 Find the volume of the tetrahedron with vertices (0, 1,0),
{[}: {}1 _4): (23 - 1 ' 3}: (21 _11- 2)
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18 The tetrahedron ABCD has vertices A(1, —1,0), B(0, 2, —1),
C(0,2,1), D(—1,3,0).
(a) Find the area of face BCD.
(b) Find the volume of the tetrahedron.

19 A tetrahedron O.4BC has its vertices at the points O(0,0,0),
A(1,2,-1), B(=1,1,2)and C(2, —1, 1).

(a) Write down expressions for AB and AC in terms of i, jand k

and find 4B x AC.
(b) Deduce the area of AABC.
(¢) Find the volume of the tetrahedron OABC. \

20 The edges OP, OQ, OR of a tetrahedron OPQR are the vectors

a, b and ¢ respectively, where

a=2i+4j
b=2i—j+3k
¢ = 4i — 2j + 5k

(a) Evaluate b x ¢ and deduce that OP is perpendicular to the
plane OQR.

(b) Write down the length of OP and the area of AOQR and
hence the volume of the tetrahedron.

(€) Verify your result by evaluating a.(b x ¢).

ANSWERS
Exercise 6B /
1 1./17 3
i JBS g g 3 (b) V171 (c) $v133
2 T 0] 14 (b) 15 12
510 f
e 62V14 7634 82 16 (2) 33 (b) £k 5j-K)
9 39 () 3
10 (2) Si—j— 7k 2i-8j+k 17 |
CCEUE: B@v2 O
“93&_ 19 E} T—\E/i}—jﬂk, i—?;jﬂk; Ti+ 75+ 7k
: N ) TV (c) 5
12 (a) 24 b) 6i + 18 + 6k . i
. (b) 61 + 13 + 0 @it ()25 Lys S

(c) 39.7° (d) 31



*P4 book page 228 Ex6C Qlab,2ab,3ab,4ab,5ab,6a,7ac,8ac,9-12

f,,]’XFind, in the form (r — a) x b = 0, an equation of the straight line
passing through the point with position vector a and which 1s
parallel to the vector b where:
ya=2i—j+k b=-i+j-2k
'(b}a =i—2k, b=2i+3j
,{“{:} a=i—5+2k, b=2i+j-3k
(d)a=i—j+4k, b=3i-2j+Kk

;2 Find, in the form (r — a) x b = 0, an equation of the line passing
~ through the points with coordinates
Aay (3,2,5),(9,517)
j@j (1, -2, ~1), (2, =4, —4)
E) (=4, =3,11),(0, =3, 1)
(d) (3,-2,3),(~1,0,1)

3/ Find an equation, in the form (r — a) x b = 0, of the line given
by the equation, where 4 18 a scalars
,{a} r=i—j+2k+A2i-j+Kk)
{bj r=—i+3j+k+ A(—i—-3j- 4k)
Ac) r=1i—4k+ AQ2i+j—2k)
(d) r=2i —j+ 3k + A(=3i+ 2

ﬁ"'JFind in the form r.n = p an equation of the plane that passes
through the point with position vector a and 1s perpendicular to

__the vector n where:

' a=i—j+2k, n=2i+4j-Kk

.;'(ja—31—1+4k n=—i+ 3j—4k

) a=2i+j—k n=2i+3j—4k

(d)a_21+]+2k n=-3i+Kk

‘(Et)ﬂ*4l—j+3k n=6i +4j — 2k

D

5 Fmd a cartesian equation for each of the planes in question 4.
It
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4 Verify that the point with position vector a lies in the given plane
ﬂ___[j p scalars) where:
a=2j+k r=i+2j+k+Aii-j+k +pCi-j+k
Dy a=i—j+k r=i+3j—k+i(-i+i-2K+p-i-j-k
(c) a=24i +25 -9k, r=2i—3j+k+A(Ti+35j~ 2k) + p(3i — 4j + k)

’/7/ Find (i) an equation of the form r = a + Ab + ue (ii) a cartesian
equatmn of the plane passing through the points:
@(1 ~1, i} (2, -4,3),(0,1, -3)
(b) (4,7,-1),(1,1, —4), (2, =2, 3)
ROHCE! _1), 2, 6, —2), (3, —3,0)
C(d) (2,0, -3), (1,4, -1),(2, —1,0)

5,3/ Find a cartesian equation of the plane containing the points:
& a.1,1,2 10,02 -1)
(b) (2.1, =1), (=2, -1, =5), (0, —4, 3)
¥ (1,1,2),(3,4,1), (=5, 1, -1)
(d) (4,0,0),(0,3,0), (0,0, - 1)

y"i:ind the coordinates of the point of intersection of the line / and
the plane IT where
(V&ﬁ/ [: r=1—2j+k+ t{—i+ 2k),  scalar
II:r.2i+j+2k) =4
(b) I: r=135i—2j— 3k + #(2i — 3j — 5k),  scalar
II:r, (61 + 2j — 5k) = 10

ﬁ; ‘Find an equation of the plane, in the form r.n = p, which

j
i
h
o -

" contains the line / and the point with position vector a where
[: r=12i+3—k), a=i+d4k
(b) I: r=4i+j—2k+t(~i+j+4k), a=—i+j+2k

(©) I: r=-2i+3j—k+#2—j—3k), a= 3i+j+2k

H 'Find a cartesian equation of the plane which passes through the
~ origin O and contains the line with equations
x-=1 y—=-2 z-3
2 3 4
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e : Referred to an origin O, the points A, B, C have coordinates
' (3,2,0), (1,0, 1), (2,2, 2) respectively.
(a) Find a cartesian equation of the plane ABC.
(b) Show that D (4,4, 1) lies in the plane.
(c) Show that 4B and DC are parallel.
(d) Find the coordinates of the point where the lines 4C and BD

meet.
ANSWERS
Exercise 6C 1 2
I @rx(-i+j-2k)=i+3j+k 3 (a) [r— (—I)J % (—1) =1
(b) r x (2i + 3j) = 6i — 4j + 3k 2 1
(€) T (2i+j—3k)=13i+Tj+ 11k I\ x
(dyr=x(3i-2j+k)=T7i+11j+k (b) |r— 3 x| =31 =0
SHIEE)
1 2
3 6
2 (a) L—(ﬂ” x ( 3) -0 e (_E)r : (_é)zﬂ
] 5 12 i ;
i i 2 -3
% /1 ( 1) {d) r—(—1) :-e:( 2):1[!
By fr—={ =2 x| -2|=0 ] ] 0
L\ A3 }

4 (a) r.(2Zi+4j— k)= -4
) —0 (b) ro(—i+3j—4k) = =22
~1

4
0
0 (c) r.(2i+ 3j— 4k) = 11
(d) ro(=3i+k) =4
" ) -0 (e) r.(6i +4j—2k) = 14
(a) 2x+4y —z= -4
(b) —x+3y—dz=-22
() 2x+3y —dz =11
(d) —3x+z= 4
() Ix+2y—z=17

n
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1 1 1
T@@Wr=| 1]+ =3)<ul 2
1 2 —4

(ii)8x + 2y — z — §

4 | —3
(b) (1) r= T) +ﬁ.(2 +|u(—9)
. —1 I 4

(ii) 17x — 6y — 5z = 31

8 —6 5
(©) {i}r:( 1)”,( 5 +H(_4)
-1 -1 1

()x+ 11y +49z = -30

2 -1 0
@@ @r={ 0)+i[ 4] +u| -1
-3 2 3

(i) 14x + 3y + 2z =25

8@ x+y+z=13
(b) Tx —6y—4z =12
) 3x—dy—6z+13=10
(d) 3x+4y — 24z = 12
9 (@) (0, -2,3) (b (. 1,2)
10 (a) r.(4i—3j—k)=0

4
(byr.| =16 | = —10
5
9
(chr.| 3| =-14
)

11 x—2p+z=
12 (a) 4x -3y +2x =6
(d) (23.2,1)
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*P4 book page 236 Ex6D Qlac,2ac,3,4ab,5ab,6,7,8ab,11,13-17,19,20,21

,f{/ Find the distance from the origin to the plane with equation:
é‘i(h +j—3k)=3
(b) r.(=3i+j+ 6k) =24
AS) r.(5i— 10+ 4k) = 17
(d) r.(3i + 12j — 4k) = 62
Ay x—y+2z=15
2 Find the distance from the given point to the given plane:
) (1,2,-3), r(i+2i-k)= 23
(b) (1, -3,2), r.(2i—j+3k) =46
fe) (4,1,-7), 2x+46y—3z=14
(d) (1, -3,5), r.(4i—2j—4k)=10
/fc] (4, -8, —1), dx+y-— 7z =42
3" Find the position vector of the point where the line with -
equationr =i+ j— 2k + A0 + 5k) cuts the plane with equation

r.2i+j-k) =2

4 Find, in degrees to 0.1°, the acute angle between the given line
and plane:
(a) r=i-2k+ Ai+j—3k) and r.(2i—j+ 4k) = 10
(b) r=3i+j— k+ A4 —Tk) and r.(—i+4j—6k) =24
e) r=—6i+2j— 4K 4 A(—=2i + 3j— 6k) and r.(2i — 6]+ 5K) = 63
A Find, in degrees to 0.1°, the angle between the planes with
equations:
A8 ri+2j-2%) =3 and rQi+2-K =56
@) ri—j-vk =5 and r.(7+k =10
() x—=2y—5z=7 and 3x+7y-z=4
6 Find the distance from the origin to the plane with equation
r.(2i-2j+k) =6
‘f " Find the cosine of the acute angle between the planes with
equations 2x + 3y — 4z = Sand 6x — 2y -3z =4
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8 Find a vector equation of the line of intersection of the planes
with equations.
Aa) r.(2i+j—3k)=28 and T (4i - T7j+ k) =31
..-.{ﬁ}x—l—ﬁyﬁ—z:—io} 3Ix+2y—z=-1
(©) r.(i+2j+k)=-5 and r.(2i-3j+k)y=15

/J) Find, in degrees to 0.1°, the acute angle between the planes with
equations 3x +4y+2z=T7and 2x - 3y +z = 9.

10 Find the distance of the origin from the plane with equation
r.(3i — 4j — 12k) = 26.

J-r;_}r’ﬂ(a] Find, in cartesian form, the equation of the plane IT which
passes through the origin and contains the line with

equations

2 3 4
(b) Find, in degrees to 0.1°, the acute angle between I7 and the

plane with equation
dx+y—z=3

12 A line has equation
r=3i—5+2k+A2i-4j+ k)
and a plane has equation
r.3i—j—5k)=1
Find the acute angle between the line and the plane.

.13 “The planes with equations
2x—y+3z+3=0 and x+ 10y =21
meet in a line L.
The planes with equations
2x—y=0 and Tx+:z=6

meet in a line M.
Show that L and M meet at a point. Show further that L and M
both lie in the plane with equation x + 3v +z = 6.
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14 Referred to a fixed origin O, the lines /, and /; have equations

r=3i+6j+k+s2i+ 3 —k)
and. r=3i—j+4k + (i — 2j + k)
respectively, Whi‘:]_‘ﬂ sand 1 are scalar parameters.
(a) Show that/, and /5 inte‘;sect and determine the position
vector of their point of intersection.
(b) Sh;}w that the vector —~i + 3j + 7k is perpendicular to both /,
and /5.

L

(c) Find, in the form r.n = p, an equation of the plane
containing /; and /. [L]

15 With respect to the origin O the points 4, B, C have position

16

,__.s"':sides of, this plane.

vectors
5i—j—3k —4di+4j-k Si-2+ 11K
respectively. Find
(a) a vector equation for the line BC
(b) a vector equation for the plane OAB
(c) the cosine of the acute angle between the lines OA4 and OB.

Obtain, in the form r.n = p, a vector equation for I1, the plane

which passes through A and 1s perpendicular to BC.

Find cartesian equations for

(d) the plane IT

(e) the line BC. L]

Show that
r=a+s(b—a)+1(c—a)

is an equation of the plane which passes through the non-
collinear points whose position vectors are a, b, ¢, where r is the
position vector of a general point on the plane and s and 7 are
scalars. Find a cartesian equation of the plane containing the
points (1,1,-1), (2,0, 1) and (3, 2, 1), and show that the points

(2,1,2) and (0, -2, —2) are equidistant from, and on opposite
(L]
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-14 A plane passes through the three points 4, B, C whose position

; vectors, referred to an origin 0, are (i + 3j + 3k), (3i +j + 4k),
(2i + 4j + k) respectively. Find, in the form (/i + mj + nk), a unit
vector normal to this plane. Find also a cartesian equation of the
plane, and the perpendicular distance from the origin to this
plane. [L]

18 Show that the vector i + k is perpendicular to the plane with

vector equation

r=i+sj+1({i—Kk)
Find the perpendicular distance from the origin to this
plane. Hence, or otherwise, obtain a cartesian equation of

the plane. [L]
19/ Three planes have equations
Xx—6y—z=5
Ix+2y+z=-1
S5x+pz=¢g
Show that

(a) the planes have a common point of intersection unless p = 1

(b) when p = 1, ¢ = 2, the planes intersect in pairs in three
parallel lines

(c) when p = 1, g = 1, the planes have a common line of
intersection.

Give equations for the line of intersection in (c). [L]

fiﬁ”ﬁhow that the lines /,, /5, with vector equations
" r=5i—2j+3k+A(=3i+j—k)
r=10i — 3j + 6k + p(4i — j + 2k)

respectively, intersect and find a vector equation of the plane 17
containing /; and /.
Show that the point Q with position vector (6i + 7j — 2k) lies on
the line which is perpendicular to IT and which passes through
the intersection of /; and /5. Find a vector equation of the plane
which passes through Q and is parallel to IT. [L]
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-'2_1?"ﬁith respect to a fixed origin O, the straight lines /; and /5 are

22

23,

24

given by
Lhir=1—j+ A2i+j— 2k)
b2 or =1+ 2+ 2k + p(—3i + 4k)
where A and u are scalar parameters.
(a) Show that the lines intersect. _
(b} Find the position vector of their point of intersection.
({c) Find the cosine of the acute angle contained between the
lines.

(d) Find a vector equation of the plane containing the lines. [L]

The position vectors of the poiﬁts A, B, Carca,bande
respectively, where
a=—2i+j, b=i+2j—2k, ¢=5j—4k

(a) Find (b — a) x (¢ — a) and hence, or otherwise, find an
equation of the plane A BC in the form r.n = p and the area
of the triangle ABC.

(b) Find a vector equation of the plane which passes through 4
and which is perpendicular to both the plane 4 BC and the
plane with equation (r — a).b = 0.

(¢) Find the cartesian equations of the line BC. [L]

Planes 11, and I1> have equations given by

[, :r.2i—j+k) =0
I :r.(i+ 5§+ 3k) = 1

(a) Show that the point 4(2, —2, 3) lies in If.

(b) Show that I1; is perpendicular to Il,.

(c) Find, in vector form, an equation of the straight line through
A which is perpendicular to I1;.

(d) Determine the coordinates of the point where this line meets
;.

(e) Find the perpendicular distance of A from {71;.

(f) Find a vector equation of the plane through A4 parallel to

II,. (L]
Show that the line with equations
x—4 _y—5_z-6
| 3
and the line with equations
x— 1 ___1:-—2::-—3-
4 5 6
intersect.
Find an equation for the plane in which they lie and the
coordinates of their point of intersection. (1]
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ANSWERS

Exercise 6D

1 (@) 3Vi4 (0 EVa6 (o) V141 m(&h 55+ 4K); 3x + 5y + 4z = 30; 3/2

(d) & (e) 3 \/6 18 L /2 X

sV x+z=1

2 @ivE  BIVIE (©3 Sy el et

(d)35 (e) % V/66 9 (0 -=~—1-~ —
3 2i+j+3k
4 (a) 464>  (b)40.3° (c) 67.1°
5 (a) 27.3°  (b)53.5° (c) 81.8°
6 2 , 18v/29

| 203

(b) r= _i

(c) r=20i— 25k + A(51i +j — 7k)
9 78.5° 10 2
11 (a) x—2y+z=0 (b)84.5°

12 10.6°
14 (a) i+ 3j+ 2k

1
(c) r. 3 =22
7
| —4 3
15 (a)- r= 4 -2
43
5 —4
(b) rzs( )+r( 4)
- -1

21 (b) 7i+ 2j— 6k (c) i3

or=( ()

4
22 (a) 4i+ 8j+ 10k; r.( 3) =0; 35

10

-2 4 i
(b) r= l) +s5| 8] +1¢ 2
0 10 -2

y—12

3
(c) \/qs, q=21=5
4
(d) 3x -2y 44z=35
@) x+4 _y—-4_ z+1
3 -2 4

16 4x—-2y—3z=35
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Complex Numbers Question Booklet for AS1

-P3 Book p166 Ex7A Qlace,2ace,3ace,4,5ace,7ace,8ace,9ace, 11,12

(*AS)

Exercise7A

1 Express in terms of i:

@) v(=64)  (b) V(-7) © V16— /(-81)

(d) 3—+/(=25) (e) v/(~100) — v/(-49)
2 Simplify:
(a) i (b) i’ (c) i®
(@) i2i-3P) () (i+2)3-i)
3 Write in the form a + ib, where a,beR:
@ 2i(5-2)  (b) (2+i)? © (4-i)°
@ (1+2)°+3-i) (¢ (1+i)P-302-i)
4 Find z* given that z =

@) 2+4i (b) 3 — 6i © —5+2i
(d) -7 - 3i () 2i—4 ® 6
(8) 3i (h) —3i+7
5 Simplify:
(@ (2+3i)+ (4 -7) (®) (=3 +5i)+ (-6 - 7i) -

© (=7-100)+(2-31) (@) (2+4i) - (3 6i)

© (=3+5)—(~7+4) (O (-9-6i)- (-8 —9))

®) (6-3i) ~ (8 - 5i)

6 Express in the form a + ib, where abelR:

@ Q+1)3-1) (b) (-3 — 4i)(2 —7i)
(@) (54 20)(-3 + 4i) d) (1-s5i)?
€ (2-i) ® (1+i)2-i)i+3)

(8) i(3~7i)(2-1i)
7 Express in the form a + ib, where a,b € R:

2 —7i 142 142
a}) — P '
@ 157 ®) 33 © 374
1 243 541
d —— —
@ 75 © 5—; O =
6 1
T h
© 73 ()ﬁ+2x1—ﬁ)
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10

11

12

Solve:

(@ x24+25=0 (b) x*+64x =0
) X —d4x+5=0 (d) x*+6x+10=0
(€) x*+29=4x ) 2x>+3x+7=0
(g 3x*+2x+1=0 (h) 3x2 —2x+2=0
Express in the form a + ib, where a,b € R:

1 1 1 1
A ®) 51T
(c) 5—4i+ >

3—-4i

: : 2. .
Given that z = —1 + 3i, express z + - in the form a + ib, where
a,belR.

xX—1
‘y’ where x, y, T € R, show that
X+ 1y

Give:l_: that 7 =

1+T2_x2-y2
2T x2 42

Show that the complex number 25:? can be expressed in the

form A(1 +1i), where A is real.
State the value of ).

. 24+ 3i\*, .
Hence, or otherwise, show that ( 5+ 31) 18 real and determine

_ +1
its value. [L]
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ANSWERS

Exercise 7A

1

@) 8 (b) iv7  (c) 4—09i
@) 3-5i (€) 3i

2 @ —i () -i () —i

(d -5 (&) =5+5i

3 (a) 4+ 10i (b) 3 +4i

(c) 404 —1121i (d) 15 — 22i
() —6+ 35i

4 (@ 2—-4i () 34+6i (c) -5-2

10
12

d —7+3 () —4-21 () 6
() —3i (h) 7+ 3i

(@) 6—4i (b) —9—2i

© —5-13  (d) —1+10i

(e) 4+1 ) -1+3
(g —-2+42
() 7+i (b) —34 + 34i

() —23+14i (d) —24 - 10i

() 2—11i (H 8+6i

(8 171

(8) —1(12+11i) (b) H(1+7)
© F(11+2i) (d) 1(1-2i)

@ LH(-5+12i) (O -1(7+40)
@ —x(+4i) () 55(4+3i)
(@ +£5i (b) 0,81 (c) 2%i
(d) -3+i (e) 2%5i

) (-3 +iv47)

® 3(-1£iv2) (b (1 £iV5)
@ 3 O 3@7-1) © 5(7-4)
—8(1 - 2i)

A= I

b
-
|
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-P3 Book p179 Ex7C Qlace,2ace,3,4,8 (*AS)

1

Find the square roots of*

(a) 5+ 12 (b) 7—24i (c) 3—4i
(d) —20i (e) 1—id+/3

Find the real numbers x and y given that:

(@) x+4y+xyi= 12— 16i

(b) 2x+ (x—2y)i=18—y—i

(© 3x+2xi=7+2y+ (124 5p)i

(d) x— Ty + 8xi= 6y + (6y — 100)i

) 2x—y+(y—-4)i=0

Given that (1 + 51)4 — 2B =3 + 7i, find 4 and B if:
(a) A and B are real,

(b) A4 and B are conjugate complex numbers.

Given that x,y € R and
(x+ip)(2+i)=3-i
find x and y.

Given that

l I
ty Tva

where x and y are real, find x and y.

ANSWERS

Exercise 7C

1

GO SN U &

(@) +(3+2i) (b) £(4—3i) (©) +£(2—i)
(d) £V10(1 -1) (&) £(2-iv3)

(@) (—4,4), (16,—1)

(b) (774) (C) (L“Z)

@ -%F.-8 © 2,4

@ A=1 B=—14

(b) A=2—-1, B=2+i

x=1,y=-1 |

(@ p=3,9g=1 (b) p=-%g=$
x=-fy=-5% T x=4y
x=l,y=~% 9 a=0,b=+2

[L]
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-Edexcel Book Ex1F Qlace,2ace,3,4,8 (*AS)

Exercise @

1 f(z)=23-622+21z-26

a Show that f(2) = 0. (1 mark)
b Hence solve f(z) = 0 completely. (3 marks)
f(z) =223+ 522+9z-6
a Show that f(}) = 0. (1 mark)
b Hence write f(z) in the form (2z — 1)(z2 + bz + ¢), where b and c are real constants

to be found. (2 marks)
¢ Use algebra to solve f(z) = 0 completely. (2 marks)

g(z) =223 -4z2-5z-3
Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely. (4 marks)

4 p(z)=z>+4z2-152-68
Given that z = =4 + i is a solution to the equation p(z) = 0,
a show that z%> + 8z + 17 is a factor of p(z). (2 marks)

b Hence solve p(z) = 0 completely. (2 marks)
fz)=23+922+33z+ 25
Given that f(z) = (z + 1)(z2 + az + b), where @ and b are real constants,
a find the value of ¢ and the value of b (2 marks)
b find the three roots of f(z) =0 (4 marks)
¢ find the sum of the three roots of f(z) = 0. (1 mark)
g(z)=2z3-12z2+¢cz+d=0,where ¢, d € R.
Given that 6 and 3 + i are roots of the equation g(z) = 0,
a write down the other complex root of the equation (1 mark)
b find the value of ¢ and the value of 4. (4 marks)
7 h(z)=2z3+3z22+3z+ 1
Given that 2z + 1 is a factor of h(z), find the three roots of h(z) = 0. (4 marks)
8 f(2)=2z3-622+28z+k
Given that f(2) =0,
a find the value of k (1 mark)
b find the other two roots of the equation. (4 marks)
9 Find the four roots of the equation z4 - 16 = 0.
10 f(z) =z%- 1223+ 3122+ 108z - 360
a Write f(z) in the form (22 — 9)(z> + bz + ¢), where b and ¢ are real constants
to be found. (2 marks)
b Hence find all the solutions to f(z) = 0. (3 marks)
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11 g(z)=z*+2z3-2z2+38z+ 130
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0.

12 f(z) = z* - 1023 + 7122 + Qz + 442, where Q is a real constant.

Given that z = 2 — 31 is a root of the equation f(z) = 0,
a show that z2 — 6z + 34 is a factor of f(z)

b find the value of QO

¢ solve completely the equation f(z) = 0.

ANSWERS

Exercise 1F
1 a fl2)=8-24+42-26=0
b z=2,z=2+3iorz=2-13j
2 a Substitute z = § into f(z).
b b=3,c=6

c z=%.orz=-%¢%i
3,-§+%iand—;—%i
a [z-(-4+ilz-(-4-1)=z2+82+16+1
=22+ 8z+ 17
b z=4,z=-"4+i0orz=-4-i
g a a=8,0=25 b -1,-4+3i,-4-3i ¢
a 3-i b ¢=46,d=-60
7 —'—l+£iand—l-—i
22t 275
8 a k=-40 b 2-4i 2 +4j
9 2,-2,2iand- 2i

10 a (z2-9)(z2- 12z + 40) b z=23,6+2i
11 -3+i,-3-i,2+3iand 2-3i
(z-2-3z-2+3)=2z2-42z+13
12 a (z2-4z+13)z¢2+ bz +c)
=zt - 1023+ 71z% + Qz + 442
b=-6,c=34

b Q=-214 ¢ z=2+3i,2-3i,3+5ior3-0di

(4 marks)
(1 mark)
(2 marks)
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-Edexcel Book Mixed Exercise 1

Mixed exercise G

1 Given that z, = 8 - 3i and z, = -2 + 4i, find, in the form a + bi, where a, b € R:

a z;+ 2,
b 322
C 62]"22

) 2 The equation z2 + bz + 14 = 0, where b € R has no real roots.
Find the range of possible values of b. (3 marks)

3 The solutions to the quadratic equation z> — 6z + 12 = 0 are z, and z,.
Find z, and z,, giving each answer in the form a * iVb.

) 4 By using the binomial expansion, or otherwise, show that (1 + 2i)* = 41 — 38i. (3 marks)

5 f(z)=z>-6z+10

Show that z = 3 + 1 is a solution to f(z) = 0. (2 marks)

6 zy=4+21,z,=-3+1

Express, in the form a + bi, where a, b € R:

*

a z b 212y C ==

(7 - 2i)?

7 Write
1+i/3

in the form x + 1y where x, y € R.

8 Given that - -271 =3 + 1, find z in the form « + bi, where ¢, b € R. (2 marks)
1
¥ =g 5

Express in the form a + bi, where a, b € R:
1

7
-

a z2 b z-



. 2_ p2
10 Given that z = a + bi, show that — = (a, b,) + ( ,zab j)i
z¥  \a?+ b2 a* + b*
. 3 +qi
11 The complex number z is defined by z = _— where ¢ € R.

Given that the real part of z is %,
a find the possible values of ¢
b write the possible values of z in the form a + bi, where @ and b are real constants.

(4 marks)

(4 marks)
(1 mark)

12 Given that z = x + iy, find the value of x and the value of y such that z + 4iz* = -3 + 18i

where z* is the complex conjugate of z.

13 z=9+6i,w=2-3i

&

Express 1; in the form @ + bi, where « and 4 are real constants.

+ 31
14 The complex number z is given by z = j+ i where ¢ is an integer.

Express z in the form a + bi where « and b are rational and are given in terms of g.

15 Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation
b find the quadratic equation, giving your answer in the form z2 + bz + ¢ =0
where b and ¢ are real constants.

16 Given that z = 4 — ki is a root of the equation z2 — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k and the value of m.

17 h(z)=z3-11z+ 20

Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely.
18 f(z)=z3+62z+20

Given that f(1 + 3i) = 0, solve f(z) = 0 completely.
19 f(z)=z3+3z2+kz+48,keR

Given that f(41) = 0,

a find the value of &

b find the other two roots of the equation.

20 f(z)=2z%-23-16z2-74z-60
a Write f(z) in the form (z? — 5z — 6)(z2 + bz + ¢), where b and ¢ are real constants
to be found.
b Hence find all the solutions to f(z) = 0.

21 g(z)=z%- 623+ 1922 - 36z + 78

Given that g(3 — 2i) = 0, find all the roots of g(z) = 0.
22 f(z2)=2z%=-2z3~ 522+ pz+24

Given that f(4) = 0,

a find the value of p

b solve completely the equation f(z) = 0.

(5 marks)

(4 marks)

(1 mark)

(2 marks)

(4 marks)

(4 marks)

(4 marks)

(2 marks)
(3 marks)

(2 marks)
(3 marks)

(4 marks)

(1 mark)
(5 marks)
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ANSWERS
Mixed exercise

1 a 6+i b -6+ 12i ¢ 50-22i
2 -2V14<b<2V14
3 3+ i\’§,3 -iV3
4 (1 +2i°
=15 + 5(1)*2i) + 10(1)3(2i)2 + 10(12(2i)? + 5(1)(2i)* + (2i)°
=1+ 10i + 40i% + 80i* + 80i* + 32i°
=1+ 10i - 40 - 80i + 80 + 32i
=41 - 38i )
5 Substitute z = 3 +1i into f(z) to get f(z) =
6 a 4-2i b -14-2i ¢c -1-i
, 45- 28i)1 —iv3) _45-28V3 (—45\@ - 28)i
(1+ V3il1 -3 i) 4 4
3 4-7i_4- Tl =1l .. 12 =26 FIE_ 3 5
3+i (B3+13-1i) 10 ez 2
9 a -4 b 2-%
10 i_{a+b1)(a+b1) a? + 2abi + b?i?
z*  (a - billa + bi) a? - b?%i?
_ '—b2+( 2ab )i
a?+b? \a?+ b?
. & 3+q¥xq+5% 3g - 5q+qz+15
g-5i q+5i ¢*+25 g*+25
7 5[125_11 = q?+26g+25=0=¢qg=-1,g=-25
b 5%+ 1’ﬁ+%1
12 :c+y1+41[x yi)=-3 + 181

13

14

15
16
17
18
19
20
21
22

(x + 4y} + (4x + y)i= -3 + 18I
t+4y=-3,4x+y=18=>x=5,y=-
(9 + 62+ 3) _ 18 +39i+18i* _ 4,
(2 - 32 + 3i) 4 -9i?
G+3i4-q) 79 12-¢.

G1qld—q) ¢+16 F+16

a 6+ 2i b z2-12z+ 40

k=6, m=4

z=2+1,2-1or -4

z=-2,14+3ior1-3i

a k=16 b -4iand -3

a b=4,c=10 b z=6,-1,-2+\6ior-2-Vbi
3 - 2i, 3 + 2i, V6 and -iV6 ,_
a p=-18 b 1, 4——+% and——ﬁlfi
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-Edexcel Book Ex2A Q2-6

Exercise @

1 Show these numbers on an Argand diagram.

using Leoebra.

a 7+2i b 5-4i c —6-i d -2+5i
e 3i f V2 +2i g —3+3i h -4
2 z;=11 +2iand z, = 2 + 4i. Show z|, z, and z, + z, on an Argand diagram.

3 zy=-3+6iand z, =8 —i. Show z}, z; and z, + z, on an Argand diagram.
zy=8+4iand z, = 6 + 7i. Show z,, z; and z, — z, on an Argand diagram.
5z =-6-5iand z; = —4 + 4i. Show z,, z; and z, — z, on an Argand diagram.

) 6z =7-5i,2z,=a+biand z; = -3 + 2i where a, b € Z. Given that z; = z, + z,,
a find the values of @ and b b show z), z; and z; on an Argand diagram.

) Tzy=p+4qi z;=9-5iand z; = -8 + 5i where p, g € Z. Given that z; = z; + z,,

a find the values of p and ¢ b show z,, z; and z; on an Argand diagram.

8 The solutions to the quadratic equation z2 — 6z + 10 = 0 are z; and z,.
a Find z, and z,, giving your answers in the form p + gi, where p and g are integers. (3 marks)
b Show, on an Argand diagram, the points representing the complex numbers z, and z,. (2 marks)

9 f(z) =22z% - 1922 + 64z — 60

a Show that f(3) = 0. 1 mark
2
b Use algebra to solve f(z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)
2 Im 4
ANSWERS Z,+ 2,
_.-=27T(13,6)

Exercise 2A - - ;

1 Im A Fay o a'l

d(2.5) o (2, 4) ;

ez, (11, 2)
e (0, 3)
_1g5. of(y2,2) cal(7.2) 0 e
(3)
h (-4, 0) . 3 Im 4
0 Re
o zl =+ 22
B A (5. 5)
e b (5,-4) %
B % I;le

(8,-1)
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7 a p=-17,¢4=10
b Im
2y =-17 + 10i
z3=-8 +.51
0 Re
Zy =.9 -5i
8 a z =3+iandz, =3 -i. Other way round acceptable.
b Im T
o2l
- 0 .ZZ Re
3 943 2
Saiw Y 9 a 2(3)'-19(3)°+64(3)-60=0
' 3 . .
b (3) 4+2i,4-2i
C Im Ar
(4, 2)
" L]
> (il 0)
2/ B Re % —>
0 ., Re
4,-2
- 4,-2)
(4,9
(_2, _9) ) zl z‘:
a=-10,b=7
Im Ar
Z;=-10+ 7i
o
L)
Z3=-3 + 2i "
0 Re
L]
zy=7-5i




-Edexcel Book Ex2C Q1-3(alt parts), Q4-6

1 Express the following in the form r(cosf + i sind), where —7 < & = w. Give the exact values of r
and @ where possible, or values to 2 decimal places otherwise.

a 2+2i b 3i e —3+4i d 1 -3
P £ -20 g 7-24i h -5+ 5i

2 Express these in the form r(cosf + i sinfl), giving exact values of r and f where possible, or values
to two decimal places otherwise.

a 3 b 1 . 1 +i
1 +i/3 2-1 1-i
3 Express the following in the form x + iy, where x, y € R.
a 5(cos£+ isinﬁ) b l(ccn:«*.E+ isinij c ﬁ(msj—wﬁsinj—ﬂ)
2 2 2 6 6 6 6

d 3(1:05 (—2—;] + 18in (—%)) [ Zﬁ(cus (—g) +1sin [-%D f -4(-:05% + 1511116::]

4 a Express the complex number z = 4(-::05(23 ) +1 sm(?‘3 )) in the form x + iy,

where x, y € R. (2 marks)
b Show the complex number z on an Argand diagram. (1 mark)
5 The complex number z is such that |z] = 7 and argz = % Find z in the form p + ¢i,
where p and g are exact real numbers to be found. (3 marks)
6 The complex number z is such that |z = 5 and argz = —4?“. Find z in the form a + bi,
where @ and b are exact real numbers to be found. (3 marks)
ANSWERS

T

Exercise 2C i} )
1 a 2\-@(m5i v isin%) b 3(cus“§+ isinE)

¢ 5(cos2.21 +isin2.21) d 2{cus—§+ isin-%)
e 20(cos(-1.95) + isin(-1.95))
f 20(cosw +isinw)
g 25(cos(-1.29) + isin(-1.29))
h @(cnsﬁ + 1511:13—]
* 4:rr V5 6
3 I} " W N
2 a E&Gmtg)ﬂin(—?‘)) b S{coqﬂ%ﬂsmﬂﬂ )
c 1 CoS +151n5) o a o
3 a 5oi _ b T+Ei ¢ =33+ 3
d -§—3é3 e 2-2i £ 203 +2i
4 a -2+2i/3
b —2 * 2iy'3 shown on an Argand diagram.
5 [ pni——
b a= —E b= 2
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Exercise @

1 For each given z; and z,, find the following in the form r(cosf + i sin8):

i |22, ii arg(z;z,)

2122

37 .. 3w Tr I
zZ;= (cos? + isin ?) Z5 6(cos? + isin ?)
bz = ﬁ(cos% + isin-;-r-), z,= 4J§(cos§f- + isin%r)
2 Givenz; = 8(cosT7r +isin 8?7( and z, 4(cos2T7r +1isin Z?W) write down the modulus and
argument of: )
a z,2z, b % ¢ 22

3 Express the following in the form x + iy:

a (cos2d + isin20)(cos 30 + isin 30)

TR
c 3(cos—+1sm

7 4) X 2(cos— + ISII’I—)
e 4(cos-5ﬂ— 1sin 5—7r-) 1(cos-sl[— isin e
9 9 18 18

f 6(cos-l—0+ lsmﬁ) X 5(0053 + 1sin

g (cos4d + isin4f)(cosf —isinf)

4 Express the following in the form x + iy:

cos 58 + 1sin 50 2

331

m -
ﬁ(cns'—+ isin

1)

2

b ( 3r + 151113—-)(c038— + 1sm&)
BN 1 11 11

d \6(cos§— isin 5) X \f.’T(cos§+ isin %r)

m First make sure both

numbers are in modulus—

27 27
cos? + 1sm? argument form.
AT -
h 3(coslz+1sm12) \/f(cos3 —1sm3)

3(cusi+ isini)
3 3 cos 26 — isin 280

c0s28 + isin 20
4

5 z=-9+3i\3

l(-:::::rsE +1isin
2

)

( 5w Sw) cos3f + 1sin 389
4 cos? + 15111?

a Express z in the form r(cosfl + isinf), -r < 8 = = (2 marks)
I
b Given that |w| =3 and argw = T eXpress in the form r(cosf + isinf), -7 < § <
iw ii zw iii ﬁ (4 marks)
ANSWERS
Exercise-ZD _ . W Bl 3.
s 57 3 a cos5f+isin56 b -1 ¢ -Zl
1 ai |22)=30 ii arg(z,z2]=T " = o
iii 3O(c055—1+|sm5 } d 3/2 e -3-1i [ -5/3+5i
4 4 _13x g cos30+isin30 h 3-3i "
51 el 138 137 i e ] 4 a cos30+isin36 b 2+2i c -—1i
u S(COST5+ T ) d cos(-50) + isin(-=50) or cos50 - isin50
51 ia D
2 a |zyz, =32, argz,2;) = 5 a z=6\v’§{cos%+lsmF
z o7} _ 14= — T T
b "l‘=2"“g(z_,)’_1? b i w_\3(coslz+1sm172)
c |zi| =64, fll’g(z)‘“"'—,:r . ii 18COS(—%)+ISIH(—E)

iii 6(cos‘z +isin Z‘)
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Exercise @

) 1 Sketch the locus of z and give the Cartesian equation of the

locus of z when: m You may choose a

alz|=6 b |z| =10 ¢ |z-3l=2 geometric or an algebraic
o e - s . approach to answer these

d |z+3i]=3 e |z-4i|=5 f z+1]=1 letians

g lz-1-1=5 h |z+3+4i=4 i |z-5+61=5

2 Given that z satisfies |z — 5 - 4i| = 8,

a sketch the locus of z on an Argand diagram

b find the exact values of z that satisfy:
i both|z—-5-4i|=8andRe(z)=0 ii both|z-5-4i|=8and Im(z)=0

) 3 A complex number = is represented by the point P on the Argand diagram.
Given that |z — 5 + 7i| = 5,
a sketch the locus of P
b find the Cartesian equation of this locus
¢ find the maximum value of argz in the interval (-, 7).

} 4 On an Argand diagram the point P represents the complex number z.
Given that |z — 4 - 3i| =8,

a find the Cartesian equation for the locus of P (2 marks)
b sketch the locus of P (2 marks)
¢ find the maximum and minimum values of |z| for points on this locus. (2 marks)

5 The point P represents a complex number z on an Argand diagram.
Given that |z + 2 = 2/3i| = 2,

a sketch the locus of P on an Argand diagram (2 marks)
b write down the minimum value of argz (2 marks)
¢ find the maximum value of argz. (2 marks)

6 Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz-6/=|z-2 b |z+8|=|z-4|

¢ |zl =|z + 61 d |z + 3i| =]z -8

e |z=2-2i|=|z+ 2+ 2i f lz+4+i=|z+4+6

g |lz+3-51=|z-7-5i h |z+4-2i|=]z-8 + 2i
z + 3 |2+ 61|

Tl ) F<10-5"



7 Given that |z = 3| = |z - 6i],

a sketch the locus of =

b find the exact least possible value of |z|.

8 Giventhat|z+ 3+ 3i|=|z-9- 51|,

a sketch the locus of =

b find the Cartesian equation of this locus
¢ find the exact least possible value of |z|.

9 Sketch the locus of z and give the Cartesian cquatinn of the locus of =z when:

a|2-z=

b [51-z]=

10 Sketch the locus of z when:

3

h arg(z—3+41}=-—2

a argz:% b arg{z+3]=%
d arg{.+z+2:}--§ e arg(z—1-i)=
g arg(z -1 +3i]=2—;'
ANSWERS
Exercise 2E
12 Imy b I

[

-
e

(2D

\0 Re

b ilds v"_]land[ﬂl .%9]1
i 5+4v3and 5 -4/3

b (x=5P+(y+7P=25

Re

¢ 2arctan|}) - 2= -0.330 rad (3 s.[.)

4 a (x-4P+(@y-3p2=8
b

c

(3 marks)
(4 marks)
(3 marks)
(3 marks)
(3 marks)
e 3-2i-z|=3
c arg(z—2)=7+
f arg(z+31)=m
i arg(z—41)= —%T
”

a3, .
i3

\4_/ .

i = 3' lz'm:m =13
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5 a Im
2y/3+2
2y3
2y3-2
-4 0 Re
b g ¢ 2.51rad

6 a Im b
ol 2 ‘ 6 Re
x=4

c Im

0

-6

I
T
8 0‘ 4 Re

xX=-2

y=3x-0

y=-4x+11

(0,-6)

a

a

00

Im A

0, u)\

o7
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Exercise @

1 On an Argand diagram, shade in the regions represented by the following inequalities:
alz<3 b |z-2i>2 clz+7=|z-1 d |z+6|>|z+2+ 8]
e 2=<|z|<3 f 1<|z+4i|<4 g 3=|z-3+51=5

) 2 The region R in an Argand diagram is satisfied by the inequalities |z] < 5 and |z] = |z — 6il.
Draw an Argand diagram and shade in the region R. (6 marks)

) 3 The complex number z is represented by a point P on an Argand diagram.

Giventhat|z+ 1 -i<land0 < argz = :%T, shade the locus of P. (6 marks)
) 4 Shade on an Argand diagram the region satisfied by
{zeC:lzIs3}ﬂ{zeC:%Sarg(z+3)s7r} (6 marks)
) 5 a Sketch on the same Argand diagram:
i the locus of points representing |z — 2| = |z — 6 — 8i (2 marks)
ii the locus of points representing arg(z — 4 — 2i) =0 (2 marks)
iii the locus of points representing arg(z — 4 — 2i) = % (2 marks)
b Shade on an Argand diagram the set of points
(zeC:|lz-2|<|z-6-8i} N {zec:Osarg(:-zL-zi)sg} (2 marks)
6 a Find the Cartesian equations of:
i the locus of points representing |z + 10| = |z — 6 — 4iy2|
ii the locus of points representing |z + 1| = 3. (6 marks)
b Find the two values of z that satisfy both |z + 10| = |z — 6 - 4iV2| and |z + 1| = 3. (2 marks)
¢ Hence shade in the region R on an Argand diagram which satisfies both
|z+ 10| =|z-6-4iW2|and |z + 1| < 3. (4 marks)
ANSWERS
Exercise 2F
1 a Im b Im4 d

-7-6-5-4B8-2-10[ 1 2Re




T

2

arg(z-4-20=0

2 Imr . .
/\ el 5 Ima arg(z-4-2i) =
z| = |z - 6i \
/ \ |z-2|=|z-6-8i
2 Re
R
l2l=5 0 >
3 Im 4
6 a iy=-2/2x-2/2
b z=-V2 +2iY2 orz=-2i
C

lmT

Re

i (x+1P+y2=9

=
g
ﬁ
/
(=)

—3QJ Re
-Edexcel Book Mixed Exercise 2

Mixed exercise o

) 1 f(z)=z2*+5z+ 10

a Find the roots of the equation {(z) = 0, giving your answers in the form a % 1b,

where @ and b are real numbers.
b Show these roots on an Argand diagram.

| 2 f(z)=z3+22+32z-5
Given that f{—-1 + 2i) = 0,
a find all the solutions to the equation f(z) = 0
b show all the roots of f(z) = 0 on a single Argand diagram

¢ prove that these three points are the vertices of a right-angled triangle.

3f(z)=z-22+1322-47z+ 34
Given that z = -1 + 4i is a solution to the equation,
a find all the solutions to the equation f(z) =0
b show all the roots on a single Argand diagram.

(3 marks)
(1 mark)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)
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4

The real and imaginary parts of the complex number z = x + iy satisfy the equation
(4-3)x—(1+6i)y—-3=0

a Find the value of x and the value of y.

b Show z on an Argand diagram.

Find the values of:

¢ |7

d arg:z

=4+ 2,2, =-3+1

a Draw points representing z; and z; on the same Argand diagram.

b Find the exact value of |z, — z,|.

: =
Given that w=—,
3
¢ express w in the form a + 1b, where a, b € R
d find argw, giving your answer in radians.

6 A complex number z is given by z = a + 4i where « is a non-zero real number.

10

a Find 22 + 2z in the form x + iy, where x and y are real expressions in terms of a.

Given that z2 + 2z 15 real,
b find the value of a.
Using this value for a,

(3 marks)
(1 mark)

(2 marks)
(2 marks)

(1 mark)
(2 marks)

(2 marks)
(2 marks)

(4 marks)

(1 mark)

¢ find the values of the modulus and argument of z, giving the argument in radians and

giving your answers correct to 3 significant figures.
d Show the complex numbers z, z? and z?+ 2z on a single Argand diagram.

The complex number z is defined by z = 374;_‘;1
Find: -

a |z]

b argz

z=1+2i

a Show that |22 — 2 = 2,/5.
b Find arg(z? - z), giving your answer in radians to 2 decimal places.
¢ Show z and z2 - z on a single Argand diagram.
b
2+1
a Express in the form a + bi, where a, h € R,
i z* i =z —1;

b Find |2.

. 1y . . ,
¢ Find arg (.«' - E)’ giving your answer in radians to two decimal places.

I =

_a+3i
T 24+ai’

acR

1

a Given that ¢ = 4, find |z|.

b Show that there is only one value of & for which argz = Zﬁ, and find this value.

(3 marks)
(3 marks)

(4 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)
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11 z;==1-i,z,=14+1/3
a Express z; and z, in the form r(cos@ + isin8), where -7 < 8§ < 7.
b Find the modulus of:

izz, i -

i ziZ, ii Z
12 z=2-2i3
Find:
a |z

b argz, in terms of .
W= 4{:.:05[—%) + isin{-%}]
Find:

W
¢ |7
d arg@) , in terms of .

13 Express 4 — 4i in the form r(cos# + isind), where r > 0, -t < @ <,
giving r and @ as exact values.

14 The point P represents a complex number z in an Argand diagram.
Giventhat|z+ 1 -1 =1,
a find a Cartesian equation for the locus of P
b sketch the locus of P on an Argand diagram
¢ find the greatest and least possible values of |z|
d find the greatest and least possible values of |z — 1].

15 Given that arg(z - 2 + 4i) = },

a sketch the locus of P(x, y) which represents z on an Argand diagram
b find the minimum value of |z| for points on this locus.

(2 marks)

(2 marks)

(2 marks)

(1 mark)
(2 marks)

(1 mark)
(2 marks)

(3 marks)

(2 marks)
(2 marks)
(2 marks)
(2 marks)

16 The complex number z satisfies |z + 3 — 6i] = 3. Show that the exact maximum value of

argz in the interval (-, ) is Z + 2arcsin (L)

2 V5
17 A complex number z is represented by the point P on the Argand diagram.
Given that |z - 5| = 4,
a sketch the locus of P.

b Find the complex numbers that satisfy both |z - 5| = 4 and arg(z + 3i) = E,
giving your answers in radians to 2 decimal places.

¢ Given that arg(z + 5) = @ and |z — 5| = 4 have no common solutions, find the range
of possible values of 8, -r < 8 < .

(4 marks)

(2 marks)

(6 marks)

(3 marks)
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18 Given that |z + 5 - 5i| =]z - 6 - 3i,

a sketch the locus of z (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the least possible value of |z|. (3 marks)
19 a Find the Cartesian equation of the locus of points that satisfies |z — 4| = |z - 8. (3 marks)
b Find the value of z that satisfies both |z — 2| = |z - 4i| and argz = z (3 marks)
¢ Shade on an Argand diagram the set of points *
{zEC:Iz—4|5z-Bl]}f“l{zEE:%%argzﬁwr} (3 marks)
20 a Find the Cartesian equations of:
i the locus of points representing |z =3 +i| =]z - 1 —
ii the locus of points representing |z — 2| = 2/2. (6 marks)

b Find the two values of z that satisfy both |z =3 +i] =]z~ 1 —i|and |z - 2| =22. (2 marks)

The region R is defined by the inequalities |z -~ 3 +i| =]z -~ 1 —i|and |z - 2| < 2/2
¢ Show the region R on an Argand diagram. (4 marks)
ANSWERS
Mixed exercise 2 . 7 a z=B+S2+D_ 1,13
1 a z=—§+‘—/-1—5—iandz=-§—ﬂ§i =123
278 2 2 |z| = 3170
b Tm4 b argz=1.49
g B 8 a z2=-3+4i
S 22-z=-4+2i
. -4 + 2il = CAZ + 22 =20 = 25
0 Re b 2.68
Z:—;—i@. C y‘\
42 (1.2

2 a -1+ 2i,-1-2iare two of the roots. These roots can 2
be used to form the quadratic z* + 2z + 5. z'-z &

)Y

(z-1)(z% + 2z + 5) = f(2), so third root is 1. (0]
b Argand diagram showing -1 + 2i, -1 = 2i anc; 1.
¢ Sides of triangle are V8 ,v8 and 4. (/8)" + (V8) = 42.
3 a —1+4i,—1—4i.2.1 s 8 4: 2 -8 6; 1
b Argand diagram showing above roots. 9 aigp-5i i F-3l b 3 ¢ -2.50
4 a 4x-y=3 J5
-3 -6y=0=2x=-2y 10 a >
-9y=3=y=-1=2x=3% p a+3i__5a_, -a’+6;
2 +ai 44;:12 442"
b Argand diagram showing the point z = ¢ for axl'gz = 7 real and imaginary parts must be
J5 equal
¢ 5 =>a*+5a-6=0
d -0.46rad =a=-6or1l
5 a Im « cannot be negative otherwise argz is negative
1 i |
(4,2)e o ;
51 11 a z,= v’f(cos(—%) F isin(-g’f)) and
0 Re Z,= 2(cos(§) + isin(%))
g 3= 5
b 5\’5 c -1-i d —T b i 2‘/_2‘ iil%
6 a zZ=(a*-16) + 8ai A
2z=2a+8i ¢ i 5% ji Lim
22+ 2z=(a®+ 2a — 16) + (8 + 8aki 12 12
b 12 a |d=12-2i/3|=/22+ 23 =V16 =4
|zl = V17 = 4.12 b argz= _1:;.
argz = 1.82 c |£ =g
d Showz=-1+4i,z2=-15-8iandz*+2z=-17 on - w T
a single Argand diagram. d arg(—g) =12



13 4\/5(cos (—E) +isin (—%))

4
14 a (x+1)P+(y-102=1
b Ima
z+1-i=1
—
2 -1 O Re
Y Izlmin =2 -1 d IZ o 1lmlu =v5 -1
2]y = V2 +1 |z - llmzu =V5+1
152 Imy arg(z—2+4i)=§
0 Re
b 3/2
16 Ima
3
6
w
1 2
-3 0 Re
Max value = % +0
sin(g) = 3 = 3 = "y
2 V32 4+ 62 \qg \[5_
= % +0= % B arcsin(%)

b (3.96, 3.86) and (1.14, -1.03)
c 7<0<-041,041 <0<

18 a ImT
(-5, 5)

(6, 3)

19 a y=1x+3
b 6+6i
¢ Ima

sy

/'6 0 Re

20 a i y=x-2
il (x-202+y?=8
b -2i,4 +2i

C Ima 12-2,=2\/E

AN

0 2,0 Re

[z-3+il=|z-1-1
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