Complex Numbers Question Booklet for AS1

-P3 Book p166 Ex7A Qlace,2ace,3ace,4,5ace,7ace,8ace,9ace, 11,12 (*AS)

Exercise7A

1 Express in terms of i:
@ V(~64)  (b) v(-7) (© V16— /(-81)
(d) 3—+/(=25) (e) v/(~100) — v/(-49)
2 Simplify:
(a) i? (b) i’ (c) i~?
(@) i2i-3P) () (i+2)3-i)
3 Write in the form a + ib, where a,beR:
@ 2i(5-2)  (b) (2+i)? © (4-i)°
@ (1+2)°+3-i)} (e (1+1i)* =32 - 1)’
4 Find z* given that z =

@) 2+4i (b) 3 — 6i © —5+2i
(d) -7 - 3i () 2i—4 ® 6
(8) 3i (h) —3i+7
5 Simplify:
(@ (2+3i)+ (4 -7) (®) (=3 +5i)+ (-6 - 7i) -

© (=7-100)+(2-31) (@) (2+4i) - (3 6i)
© (=3+50) —(-7+4) (O (~9-6i) - (-8 9i)
(8) (6-3i) - (8 - 5i)

6 Express in the form a + ib, where abelR:

@ Q+1)3-1) (b) (-3 — 4i)(2 —7i)
(@) (54 20)(-3 + 4i) d) (1-s5i)?
€ (2-i) ® (1+i)2-i)i+3)

(8) i(3~7i)(2-1i)
7 Express in the form a + ib, where a,b € R:

2 —7i 142 142
a) —— — —
@ 157 ®) 33 © 374

1 2430 541
d) — - T
@ 75 © 5—; O =

6 1
® =3 ® Ta




10

11

12

Solve:

(@ x24+25=0 (b) x*+64x =0
) X —d4x+5=0 (d) x*+6x+10=0
(€) x*+29=4x ) 2x>+3x+7=0
(g 3x*+2x+1=0 (h) 3x2 —2x+2=0
Express in the form a + ib, where a,b € R:

1 1 1 1
A ®) 51T
(c) 5—4i+ >

3—-4i

: : 2. .
Given that z = —1 + 3i, express z + - in the form a + ib, where
a,belR.

xX—1
‘y’ where x, y, T € R, show that
X+ 1y

Give:l_: that 7 =

1+T2_x2-y2
2T x2 42

Show that the complex number 25:? can be expressed in the

form A(1 +1i), where A is real.
State the value of ).

. 24+ 3i\*, .
Hence, or otherwise, show that ( 5+ 31) 18 real and determine

_ +1
its value. [L]



ANSWERS

Exercise 7A

1

@) 8 (b) iv7  (c) 4—09i
@) 3-5i (€) 3i

2 @ —i () -i () —i

(d -5 (&) =5+5i

3 (a) 4+ 10i (b) 3 +4i

(c) 404 —1121i (d) 15 — 22i
() —6+ 35i

4 (@ 2—-4i () 34+6i (c) -5-2

10
12

d —7+3 () —4-21 () 6
() —3i (h) 7+ 3i

(@) 6—4i (b) —9—2i

© —5-13  (d) —1+10i

(e) 4+1 ) -1+3
(g —-2+42
() 7+i (b) —34 + 34i

() —23+14i (d) —24 - 10i

() 2—11i (H 8+6i

(8 171

(8) —1(12+11i) (b) H(1+7)
© F(11+2i) (d) 1(1-2i)

@ LH(-5+12i) (O -1(7+40)
@ —x(+4i) () 55(4+3i)
(@ +£5i (b) 0,81 (c) 2%i
(d) -3+i (e) 2%5i

) (-3 +iv47)

® 3(-1£iv2) (b (1 £iV5)
@ 3 O 3@7-1) © 5(7-4)
—8(1 - 2i)

A= I

b
-
|
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1

Find the square roots of*

(a) 5+ 12 (b) 7—24i (c) 3—4i
(d) —20i (e) 1—id+/3

Find the real numbers x and y given that:

(@) x+4y+xyi= 12— 16i

(b) 2x+ (x—2y)i=18—y—i

(© 3x+2xi=7+2y+ (124 5p)i

(d) x— Ty + 8xi= 6y + (6y — 100)i

) 2x—y+(y—-4)i=0

Given that (1 + 51)4 — 2B =3 + 7i, find 4 and B if:
(a) A and B are real,

(b) A4 and B are conjugate complex numbers.

Given that x,y € R and
(x+ip)(2+i)=3-i
find x and y.

Given that

l I
ty Tva

where x and y are real, find x and y.

ANSWERS

Exercise 7C

1

GO SN U &

(@) +(3+2i) (b) £(4—3i) (©) +£(2—i)
(d) £V10(1 -1) (&) £(2-iv3)

(@) (—4,4), (16,—1)

(b) (774) (C) (L“Z)

@ -%F.-8 © 2,4

@ A=1 B=—14

(b) A=2—-1, B=2+i

x=1,y=-1 |

(@ p=3,9g=1 (b) p=-%g=$
x=-fy=-5% T x=4y
x=l,y=~% 9 a=0,b=+2

[L]
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Exercise @

1 f(z)=23-622+21z-26

a Show that f(2) = 0. (1 mark)
b Hence solve f(z) = 0 completely. (3 marks)
f(z) =223+ 522+9z-6
a Show that f(}) = 0. (1 mark)
b Hence write f(z) in the form (2z — 1)(z2 + bz + ¢), where b and c are real constants

to be found. (2 marks)
¢ Use algebra to solve f(z) = 0 completely. (2 marks)

g(z) =223 -4z2-5z-3
Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely. (4 marks)

4 p(z)=z>+4z2-152-68
Given that z = =4 + i is a solution to the equation p(z) = 0,
a show that z%> + 8z + 17 is a factor of p(z). (2 marks)

b Hence solve p(z) = 0 completely. (2 marks)
fz)=23+922+33z+ 25
Given that f(z) = (z + 1)(z2 + az + b), where @ and b are real constants,
a find the value of ¢ and the value of b (2 marks)
b find the three roots of f(z) =0 (4 marks)
¢ find the sum of the three roots of f(z) = 0. (1 mark)
g(z)=2z3-12z2+¢cz+d=0,where ¢, d € R.
Given that 6 and 3 + i are roots of the equation g(z) = 0,
a write down the other complex root of the equation (1 mark)
b find the value of ¢ and the value of 4. (4 marks)
7 h(z)=2z3+3z22+3z+ 1
Given that 2z + 1 is a factor of h(z), find the three roots of h(z) = 0. (4 marks)
8 f(z)=2z3-622+28z+k
Given that f(2) = 0,
a find the value of k (1 mark)
b find the other two roots of the equation. (4 marks)

9 Find the four roots of the equation z4 - 16 = 0.

10 f(z) =z%- 1223+ 3122+ 108z - 360

a Write f(z) in the form (22 — 9)(z> + bz + ¢), where b and ¢ are real constants
to be found. (2 marks)
b Hence find all the solutions to f(z) = 0. (3 marks)



11 g(z)=z*+2z3-2z2+38z+ 130
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0.

12 f(z) = z* - 1023 + 7122 + Qz + 442, where Q is a real constant.

Given that z = 2 — 31 is a root of the equation f(z) = 0,
a show that z2 — 6z + 34 is a factor of f(z)

b find the value of QO

¢ solve completely the equation f(z) = 0.

ANSWERS

Exercise 1F
1 a fl2)=8-24+42-26=0
b z=2,z=2+3iorz=2-13j
2 a Substitute z = § into f(z).
b b=3,c=6

c z=%.orz=-%¢%i
3,-§+%iand—;—%i
a [z-(-4+ilz-(-4-1)=z2+82+16+1
=22+ 8z+ 17
b z=4,z=-4+iorz=-4-1i
g a a=8,0=25 b -1,-4+3i,-4-3i ¢
a 3-i b c=46,d=-60
7 —'—l+£iand—l-—i
22t 275
8 a k=-40 b 2-4i 2 +4j
9 2,-2,2iand- 2i

10 a (z2-9)(z2- 12z + 40) b z=x3,6+2i
11 -3+i,-3-i,2+3iand 2-3i
(z-2-3ilz-2+31)=z2-4z+13
12 a (z2-4z+13)z2+ bz + ¢
=zt - 1023+ 71z% + Qz + 442
b=-6,c=34

b Q=-214 ¢ z=2+3i,2-3i,3+5ior3-0di

(4 marks)
(1 mark)
(2 marks)
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Mixed exercise G

1 Given that z, = 8 - 3i and z, = -2 + 4i, find, in the form a + bi, where a, b € R:

a z;+ 2,
b 322
C 62]"22

) 2 The equation z2 + bz + 14 = 0, where b € R has no real roots.
Find the range of possible values of b. (3 marks)

3 The solutions to the quadratic equation z> — 6z + 12 = 0 are z, and z,.
Find z, and z,, giving each answer in the form a * iVb.

) 4 By using the binomial expansion, or otherwise, show that (1 + 2i)* = 41 — 38i. (3 marks)

5 f(z)=z>-6z+10

Show that z = 3 + 1 is a solution to f(z) = 0. (2 marks)

6 zy=4+21,z,=-3+1

Express, in the form a + bi, where a, b € R:

*

a z b 212y C ==

(7 - 2i)?

7 Write
1+i/3

in the form x + 1y where x, y € R.

8 Given that - -271 =3 + 1, find z in the form « + bi, where ¢, b € R. (2 marks)
1
¥ =g 5

Express in the form a + bi, where a, b € R:
1

7
-

a z2 b z-



. 2_ p2
10 Given that z = a + bi, show that — = (a, b,) + ( ,zab j)i
z¥  \a?+ b2 a* + b*
. 3 +qi
11 The complex number z is defined by z = _— where ¢ € R.

Given that the real part of z is %,
a find the possible values of ¢
b write the possible values of z in the form a + bi, where @ and b are real constants.

(4 marks)

(4 marks)
(1 mark)

12 Given that z = x + iy, find the value of x and the value of y such that z + 4iz* = -3 + 18i

where z* is the complex conjugate of z.

13 z=9+6i,w=2-3i

&

Express 1; in the form @ + bi, where « and 4 are real constants.

+ 31
14 The complex number z is given by z = j+ i where ¢ is an integer.

Express z in the form a + bi where « and b are rational and are given in terms of g.

15 Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation
b find the quadratic equation, giving your answer in the form z2 + bz + ¢ =0
where b and ¢ are real constants.

16 Given that z = 4 — ki is a root of the equation z2 — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k and the value of m.

17 h(z)=z3-11z+ 20

Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely.
18 f(z)=z3+62z+20

Given that f(1 + 3i) = 0, solve f(z) = 0 completely.
19 f(z)=z3+3z2+kz+48,keR

Given that f(41) = 0,

a find the value of &

b find the other two roots of the equation.

20 f(z)=2z%-23-16z2-74z-60
a Write f(z) in the form (z? — 5z — 6)(z2 + bz + ¢), where b and ¢ are real constants
to be found.
b Hence find all the solutions to f(z) = 0.

21 g(z)=z%- 623+ 1922 - 36z + 78

Given that g(3 — 2i) = 0, find all the roots of g(z) = 0.
22 f(z2)=2z%=-2z3~ 522+ pz+24

Given that f(4) = 0,

a find the value of p

b solve completely the equation f(z) = 0.

(5 marks)

(4 marks)

(1 mark)

(2 marks)

(4 marks)

(4 marks)

(4 marks)

(2 marks)
(3 marks)

(2 marks)
(3 marks)

(4 marks)

(1 mark)
(5 marks)



ANSWERS
Mixed exercise

1 a 6+i b -6+ 12i ¢ 50-22i
2 -2V14<b<2V14
3 3+ i\’§,3 -iV3
4 (1 +2i°
=15 + 5(1)*2i) + 10(1)3(2i)2 + 10(12(2i)? + 5(1)(2i)* + (2i)°
=1+ 10i + 40i% + 80i* + 80i* + 32i°
=1+ 10i - 40 - 80i + 80 + 32i
=41 - 38i )
5 Substitute z = 3 +1i into f(z) to get f(z) =
6 a 4-2i b -14-2i ¢c -1-i
, 45- 28i)1 —iv3) _45-28V3 (—45\@ - 28)i
(1+ V3il1 -3 i) 4 4
3 4-7i_4- Tl =1l .. 12 =26 FIE_ 3 5
3+i (B3+13-1i) 10 ez 2
9 a -4 b 2-%
10 i_{a+b1)(a+b1) a? + 2abi + b?i?
z*  (a - billa + bi) a? - b?%i?
_ '—b2+( 2ab )i
a?+b? \a?+ b?
. & 3+q¥xq+5% 3g - 5q+qz+15
g-5i q+5i ¢*+25 g*+25
7 5[125_11 = q?+26g+25=0=¢qg=-1,g=-25
b 5%+ 1’ﬁ+%1
12 :c+y1+41[x yi)=-3 + 181

13

14

15
16
17
18
19
20
21
22

(x + 4y} + (4x + y)i= -3 + 18I
t+4y=-3,4x+y=18=>x=5,y=-
(9 + 62+ 3) _ 18 +39i+18i* _ 4,
(2 - 32 + 3i) 4 -9i?
G+3i4-q) 79 12-¢.

G1qld—q) ¢+16 F+16

a 6+ 2i b z2-12z+ 40

k=6, m=4

z=2+1,2-1or -4

z=-2,14+3ior1-3i

a k=16 b -4iand -3

a b=4,c=10 b z=6,-1,-2+\6ior-2-Vbi
3 - 2i, 3 + 2i, V6 and -iV6 ,_
a p=-18 b 1, 4———+ﬁ and——ﬁmi

) Z
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Exercise @

1 Show these numbers on an Argand diagram.

using Leoebra.

a 7+2i b 5-4i c —6-i d -2+5i
e 3i f V2 +2i g —3+3i h -4
2 z;=11 +2iand z, = 2 + 4i. Show z|, z, and z, + z, on an Argand diagram.

3 zy=-3+6iand z, =8 —i. Show z}, z; and z, + z, on an Argand diagram.
zy=8+4iand z, = 6 + 7i. Show z,, z; and z, — z, on an Argand diagram.
5z =-6-5iand z; = —4 + 4i. Show z,, z; and z, — z, on an Argand diagram.

) 6z =7-5i,2z,=a+biand z; = -3 + 2i where a, b € Z. Given that z; = z, + z,,
a find the values of @ and b b show z), z; and z; on an Argand diagram.

) Tzy=p+4qi z;=9-5iand z; = -8 + 5i where p, g € Z. Given that z; = z; + z,,

a find the values of p and ¢ b show z,, z; and z; on an Argand diagram.

8 The solutions to the quadratic equation z2 — 6z + 10 = 0 are z; and z,.
a Find z, and z,, giving your answers in the form p + gi, where p and g are integers. (3 marks)
b Show, on an Argand diagram, the points representing the complex numbers z, and z,. (2 marks)

9 f(z) =22z% - 1922 + 64z — 60

a Show that f(3) = 0. 1 mark
2
b Use algebra to solve f(z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)
2 Im 4
ANSWERS z4z,
-==#1 (13, 6)
Exercise 2A - - ;
1 Im A Fay o a'l
d(2.5) o (2, 4) ;
ez, (11, 2)
e (0, 3)
_1g5. of(y2,2) cal(7.2) 0 e
(3)
h (-4, 0) . 3 Im 4
0 Re
o zl =+ 22
B A (5. 5)
e b (5,-4) %

i z, Re
(8,-1)




e 2
z, (4,9
(-6,-5) -~
-2, -9) Zi—~Z,
a a=-10,6=7
b Im Ar
Z;=-10+ 7i
o
L)
Z3=-3 + 2i "
0 Re

L]
2, =7-5i

7 a p=-17,¢4=10
b Im
2y =-17 + 10i
°
z3=-8 +.51
0 " Re
L
Zy = 9 - 5i
a z;=3+iandz, =3 -1i. Other way round acceptable.
b Im T
o2l
0 .ZZ Re
1% 3)2 3 _
9 2(3) -19(3)" + 64(2) ~60=0

Im 4

a
b (3).4+2i4-2i
C

r

4.2
(0
T e

(4, -2)
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1 Express the following in the form r(cosf + i sind), where —7 < & = w. Give the exact values of r
and @ where possible, or values to 2 decimal places otherwise.

a 2+2i b 3i e —3+4i d 1 -3
P £ -20 g 7-24i h -5+ 5i

2 Express these in the form r(cosf + i sinfl), giving exact values of r and f where possible, or values
to two decimal places otherwise.

a 3 b 1 . 1 +i
1 +i/3 2-1 1-i
3 Express the following in the form x + iy, where x, y € R.
a 5(cos£+ isinﬁ) b l(ccn:«*.E+ isinij c ﬁ(msj—wﬁsinj—ﬂ)
2 2 2 6 6 6 6

d 3(1:05 (—2—;] + 18in (—%)) [ Zﬁ(cus (—g) +1sin [-%D f -4(-:05% + 1511116::]

4 a Express the complex number z = 4(-::05(23 ) +1 sm(?‘3 )) in the form x + iy,

where x, y € R. (2 marks)
b Show the complex number z on an Argand diagram. (1 mark)
5 The complex number z is such that |z] = 7 and argz = % Find z in the form p + ¢i,
where p and g are exact real numbers to be found. (3 marks)
6 The complex number z is such that |z = 5 and argz = —4?“. Find z in the form a + bi,
where @ and b are exact real numbers to be found. (3 marks)
ANSWERS

T

Exercise 2C i} )
1 a 2\-@(m5i v isin%) b 3(cus“§+ isinE)

¢ 5(cos2.21 +isin2.21) d 2{cus—§+ isin-%)
e 20(cos(-1.95) + isin(-1.95))
f 20(cosw +isinw)
g 25(cos(-1.29) + isin(-1.29))
h @(cnsﬁ + 1511:13—]
* 4:rr V5 6
3 I} " W N
2 a E&Gmtg)ﬂin(—?‘)) b S{coqﬂ%ﬂsmﬂﬂ )
c 1 CoS +151n5) o a o
3 a 5oi _ b T+Ei ¢ =33+ 3
d -§—3é3 e 2-2i £ 203 +2i
4 a -2+2i/3
b —2 * 2iy'3 shown on an Argand diagram.
5 [ pni——
b a= —E b= 2
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Exercise @

1 For each given z; and z,, find the following in the form r(cosf + i sin8):

i |22, ii arg(z;z,) iii 2,2,
SR (0053i+ isin 3—”) Z5 6(cos7—+ isin 7_7r)
= 8 g 8 8
i T 21--31)
b ;,—\/5(0053 +1sm3), .;-4-./2(cos 4 +1;m 4 ,
2 Givenz; = 8(cosT7r +isin ?ﬂ' and z, 4(cosT7r +1sin ?ﬂ) write down the modulus and
argument of: ,
s | W
a 2,5, b Z; C 4
3 Express the following in the form x + iy:
a (cos2d + isin20)(cos 30 + isin 30) b (cos:;’—l + ISIII::—I“) (cos?—1 +1sin ?—7{)
c 3(cos4+1sm4)x2(cos +1isin ) d \6(c053 1sin 3)X\3(COS3+ISID 3)
5w o e | Sw 5w
¢ 4(005‘9—‘15111 3‘) (005'1'8‘ —isin 18 ) m First make sure both
. 1 > o numbers are in modulus-
s = = ~(cos= — form.
f 6(cos T 1sin 10) X 5(0053 + lSln3) 3 (cos 5+ isin 5 ) argument form
S Wik s : o T
g (cos4d + 1sin4d)(cost —isinf) h 3(00512 +1sm12) \/f(cos3 - nsm3)
4 Express the following in the form x + iy:
LU WY ) LI 1
| C0s50 + isin 50 (2(cos +isin3) . 3(cos +ising) c0826 — isin 20
cos 2 + isin 26 Ig o .. 5w 57} cos3f +isin30
2(-::054 + 151114) 4(::03? + 13111?]
5z=-9+31/3
a Express z in the form r(cosf + 1sinf), —-r <8 =« (2 marks)

b Given that |w| =3 and argw = ?2, express in the form r(cosf + isinf), -7 < 6§ <

iw i zw iii ﬁ (4 —
ANSWERS
H 8 a 1 a - - b X
Exreise 2D , S 3 a cos50+isin50 b -1 ¢ -%1
1 ai |2,2)=30 ii arg(z,z2]=T " - = .
57 57 d 32 e -/3-i f -5V3 +5i
iii 30(cos—+|sm ] o -
4 4 _13x g cos30+isin30 h 3-3i ”y
BN e AT ol 4 8 cos30+lsin3e b 242 ¢ =i
W S(COST5+ T ) d cos(-50) + isin(=50) or cos50 — isin50
BT , 2 OT
2 a |zyz, =32, argz,2;) = ‘:5 5 a z=6\v’§{cosF+lsmF7
Zi| _ o argfZt) = 147 o ( In _'_)
b —‘~2 alg(z—z)— 15 b i w=V3 coslzﬂsm12
4 Tn in
c |zi| = 64, fll’g(z)‘“%r . ii 18cos(—T2—)+lsm(—ﬁ)

iii 6(cos‘z +isin Z‘)
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Exercise @

) 1 Sketch the locus of z and give the Cartesian equation of the

locus of z when: m You may choose a

alz|=6 b |z| =10 ¢ |z-3l=2 geometric or an algebraic
o e - s . approach to answer these

d |z+3i]=3 e |z-4i|=5 f z+1]=1 letians

g lz-1-1=5 h |z+3+4i=4 i |z-5+61=5

2 Given that z satisfies |z — 5 - 4i| = 8,

a sketch the locus of z on an Argand diagram

b find the exact values of z that satisfy:
i both|z—-5-4i|=8andRe(z)=0 ii both|z-5-4i|=8and Im(z)=0

) 3 A complex number = is represented by the point P on the Argand diagram.
Given that |z — 5 + 7i| = 5,
a sketch the locus of P
b find the Cartesian equation of this locus
¢ find the maximum value of argz in the interval (-, 7).

} 4 On an Argand diagram the point P represents the complex number z.
Given that |z — 4 - 3i| =8,

a find the Cartesian equation for the locus of P (2 marks)
b sketch the locus of P (2 marks)
¢ find the maximum and minimum values of |z| for points on this locus. (2 marks)

5 The point P represents a complex number z on an Argand diagram.
Given that |z + 2 = 2/3i| = 2,

a sketch the locus of P on an Argand diagram (2 marks)
b write down the minimum value of argz (2 marks)
¢ find the maximum value of argz. (2 marks)

6 Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz-6/=|z-2 b |z+8|=|z-4|

¢ |zl =|z + 61 d |z + 3i| =]z -8

e |z=2-2i|=|z+ 2+ 2i f lz+4+i=|z+4+6

g |lz+3-51=|z-7-5i h |z+4-2i|=]z-8 + 2i
z + 3 |2+ 61|

Tl ) F<10-5"



7 Given that |z = 3| = |z - 6i],

a sketch the locus of z
b find the exact least possible value of |z|.
8 Giventhat|z+ 3+ 3i|=|z-9- 51|,
a sketch the locus of z
b find the Cartesian equation of this locus
¢ find the exact least possible value of |z|.
9 Sketch the locus of z and give the Cartesian cquatinn of the locus of =z when:
a2-z]= b |5i-z= e 3-2i-z|=3
10 Sketch the locus of z when:
a argz:% b arg(z+3]=% c arg(z—-2)=+
darg{-+2+21}-—§ ¢ arg{d—l-l]—% f arg(z+3i)=m
g arg(z -1 +3i]=2—;- h arg[z—3+4i}=-§ i arg(z—4i)=—1
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Exercise @

1 On an Argand diagram, shade in the regions represented by the following inequalities:
alz<3 b |z-2i>2 clz+7=|z-1 d |z+6|>|z+2+ 8]
e 2=<|z|<3 f 1<|z+4i|<4 g 3=|z-3+51=5

) 2 The region R in an Argand diagram is satisfied by the inequalities |z] < 5 and |z] = |z — 6il.
Draw an Argand diagram and shade in the region R. (6 marks)

) 3 The complex number z is represented by a point P on an Argand diagram.

Giventhat|z+ 1 -i<land0 < argz = :%T, shade the locus of P. (6 marks)
) 4 Shade on an Argand diagram the region satisfied by
{zeC:lzIs3}ﬂ{zeC:%Sarg(z+3)s7r} (6 marks)
) 5 a Sketch on the same Argand diagram:
i the locus of points representing |z — 2| = |z — 6 — 8i (2 marks)
ii the locus of points representing arg(z — 4 — 2i) =0 (2 marks)
iii the locus of points representing arg(z — 4 — 2i) = % (2 marks)
b Shade on an Argand diagram the set of points
(zeC:|lz-2|<|z-6-8i} N {zec:Osarg(:-zL-zi)sg} (2 marks)
6 a Find the Cartesian equations of:
i the locus of points representing |z + 10| = |z — 6 — 4iy2|
ii the locus of points representing |z + 1| = 3. (6 marks)
b Find the two values of z that satisfy both |z + 10| = |z — 6 - 4iV2| and |z + 1| = 3. (2 marks)
¢ Hence shade in the region R on an Argand diagram which satisfies both
|z+ 10| =|z-6-4iW2|and |z + 1| < 3. (4 marks)
ANSWERS
Exercise 2F
1 a Im b Im4 d
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Mixed exercise o

) 1 f(z)=z2*+5z+ 10

a Find the roots of the equation {(z) = 0, giving your answers in the form a % 1b,

where @ and b are real numbers.
b Show these roots on an Argand diagram.

| 2 f(z)=z3+22+32z-5
Given that f{—-1 + 2i) = 0,
a find all the solutions to the equation f(z) = 0
b show all the roots of f(z) = 0 on a single Argand diagram

¢ prove that these three points are the vertices of a right-angled triangle.

3f(z)=z-22+1322-47z+ 34
Given that z = -1 + 4i is a solution to the equation,
a find all the solutions to the equation f(z) =0
b show all the roots on a single Argand diagram.

(3 marks)
(1 mark)

(4 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)



4 The real and imaginary parts of the complex number z = x + iy satisfy the equation
(4-3x-(1+6i)p-3=0

a Find the value of x and the value of y. (3 marks)
b Show z on an Argand diagram. (1 mark)
Find the values of:

¢ |z (2 marks)
d argz (2 marks)

5 z,=4+2i,z,=-3+1

a Draw points representing z; and z; on the same Argand diagram. (1 mark)
b Find the exact value of |z, — z,|. (2 marks)
Given that w = ;—l,

¢ express win the form a + 15, wherea, b€ R (2 marks)
d find argw, giving your answer in radians. (2 marks)

6 A complex number z is given by z = a + 4i where « is a non-zero real number.
a Find 22 + 2z in the form x + iy, where x and y are real expressions in terms of @. (4 marks)
Given that z2 + 2z 15 real,
b find the value of a. (1 mark)
Using this value for a,
¢ find the values of the modulus and argument of z, giving the argument in radians and

giving your answers correct to 3 significant figures. (3 marks)
d Show the complex numbers z, z? and z?+ 2z on a single Argand diagram. (3 marks)
. 3+ 51
7 The complex number z is defined by z = 5
Find: -
a |z| (4 marks)
b arg:z (2 marks)
8 z=1+2
a Show that |22 - z| = 2/5. (4 marks)
b Find arg(z? - z), giving your answer in radians to 2 decimal places. (2 marks)
¢ Show z and z2 - z on a single Argand diagram. (2 marks)
I
? P74
a Express in the form a + bi, where a, h € R,
i 22 i z- % (4 marks)
b Find |27. (2 marks)
¢ Find arg (.«' - %), giving your answer in radians to two decimal places. (2 marks)
10 z=a+3!, aeR
2+a

a Given that ¢ = 4, find |z|.

b Show that there is only one value of & for which argz = Zﬁ, and find this value.



11 z;==1-i,z,=14+1/3

a Express z; and z, in the form r(cos@ + isin8), where -7 < 8§ < 7. (2 marks)
b Find the modulus of:
1225 i ;—! (2 marks)
¢ Find the argument of:
izz ii ';-;" (2 marks)
12 z=2-2i3
Find:
a |z (1 mark)
b argz, in terms of . (2 marks)
w=4{cos(-5) + isin(-7)]
Find:
¢ [ (1 mark)
d arg(g) , in terms of . (2 marks)
13 Express 4 — 4i in the form r(cos# + isind), where r > 0, -t < @ <,
giving r and ¢ as exact values. (3 marks)
14 The point P represents a complex number z in an Argand diagram.
Given that|z+ | —i] =1,
a find a Cartesian equation for the locus of P (2 marks)
b sketch the locus of P on an Argand diagram (2 marks)
¢ find the greatest and least possible values of |z| (2 marks)
d find the greatest and least possible values of |z — 1]. (2 marks)
15 Given that arg(z - 2 + 4i) = },
a sketch the locus of P(x, y) which represents z on an Argand diagram
b find the minimum value of |z| for points on this locus.
16 The complex number z satisfies |z + 3 — 6i] = 3. Show that the exact maximum value of
argz in the interval (-, ) is Z + 2arcsin (L) (4 marks)
2 V5
17 A complex number z is represented by the point P on the Argand diagram.
Given that |z - 5| = 4,
a sketch the locus of P. (2 marks)
b Find the complex numbers that satisfy both |z - 5| = 4 and arg(z + 3i) = E,
giving your answers in radians to 2 decimal places. 3 (6 marks)
¢ Given that arg(z + 5) = @ and |z — 5| = 4 have no common solutions, find the range
of possible values of 0, -7 < @ < . (3 marks)



18 Given that |z + 5 - 5i| =]z - 6 - 3i,

a sketch the locus of z (3 marks)
b find the Cartesian equation of this locus (3 marks)
¢ find the least possible value of |z|. (3 marks)
19 a Find the Cartesian equation of the locus of points that satisfies |z — 4| = |z - 8. (3 marks)
b Find the value of z that satisfies both |z — 2| = |z - 4i| and argz = z (3 marks)
¢ Shade on an Argand diagram the set of points *
{zEC:Iz—4|5z-Bl]}f“l{zEE:%%argzﬁwr} (3 marks)
20 a Find the Cartesian equations of:
i the locus of points representing |z =3 +i| =]z - 1 —
ii the locus of points representing |z — 2| = 2/2. (6 marks)

b Find the two values of z that satisfy both |z =3 +i] =]z~ 1 —i|and |z - 2| =22. (2 marks)

The region R is defined by the inequalities |z -~ 3 +i| =]z -~ 1 —i|and |z - 2| < 2/2
¢ Show the region R on an Argand diagram. (4 marks)
ANSWERS
Mixed exercise 2 . 7 a z=B+S2+D_ 1,13
1 a z=—§+‘—/-1—5—iandz=-§—ﬂ§i =123
278 2 2 |z| = 3170
b Tm4 b argz=1.49
g B 8 a z2=-3+4i
S 22-z=-4+2i
. -4 + 2il = CAZ + 22 =20 = 25
0 Re b 2.68
Z:—;—i@. C y‘\
42 (1.2

2 a -1+ 2i,-1-2iare two of the roots. These roots can 2
be used to form the quadratic z* + 2z + 5. z'-z &

)Y

(z-1)(z% + 2z + 5) = f(2), so third root is 1. (0]
b Argand diagram showing -1 + 2i, -1 = 2i anc; 1.
¢ Sides of triangle are V8 ,v8 and 4. (/8)" + (V8) = 42.
3 a —1+4i,—1—4i.2.1 s 8 4: 2 -8 6; 1
b Argand diagram showing above roots. 9 aigp-5i i F-3l b 3 ¢ -2.50
4 a 4x-y=3 J5
-3 -6y=0=2x=-2y 10 a >
-9y=3=y=-1=2x=3% p a+3i__5a_, -a’+6;
2 +ai 44;:12 442"
b Argand diagram showing the point z = ¢ for axl'gz = 7 real and imaginary parts must be
J5 equal
¢ 5 =>a*+5a-6=0
d -0.46rad =a=-6or1l
5 a Im « cannot be negative otherwise argz is negative
1 i |
(4,2)e o ;
51 11 a z,= v’f(cos(—%) F isin(-g’f)) and
0 Re Z,= 2(cos(§) + isin(%))
g 3= 5
b 5\’5 c -1-i d —T b i 2‘/_2‘ iil%
6 a zZ=(a*-16) + 8ai A
2z=2a+8i ¢ i 5% ji Lim
22+ 2z=(a®+ 2a — 16) + (8 + 8aki 12 12
b 12 a |d=12-2i/3|=/22+ 23 =V16 =4
|zl = V17 = 4.12 b argz= _1:;.
argz = 1.82 c |£ =g
d Showz=-1+4i,z2=-15-8iandz*+2z=-17 on - w T
a single Argand diagram. d arg(—g) =12



13 4\/5(cos (—E) +isin (—%))

4
14 a (x+1)P+(y-102=1
b Ima
z+1-i=1
—
2 -1 O Re
Y Izlmin =2 -1 d IZ o 1lmlu =v5 -1
2]y = V2 +1 |z - llmzu =V5+1
152 Imy arg(z—2+4i)=§
0 Re
b 3/2
16 Ima
3
6
w
1 2
-3 0 Re
Max value = % +0
sin(g) = 3 = 3 = "y
2 V32 4+ 62 \qg \[5_
= % +0= % B arcsin(%)

b (3.96, 3.86) and (1.14, -1.03)
c 7<0<-041,041 <0<

18 a ImT
(-5, 5)

(6, 3)

19 a y=1x+3
b 6+6i
¢ Ima

sy

/'6 0 Re

20 a i y=x-2
il (x-202+y?=8
b -2i,4 +2i

C Ima 12-2,=2\/E
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[z-3+il=|z-1-1



