Roots of Polynomials Questions

1 a and j are the roots of the quadratic equation 3x? + 7x — 4 = 0. Without solving the equation,
find the values of:

aa+f b af c

+ d a2+
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2 aand j3 are the roots of the quadratic equation 7x? — 3x + 1 = 0. Without solving the equation,
find the values of:
aa+f b af cé+é d a?+ @
3 aand 3 are the roots of the quadratic equation 6x - 9x + 2 = 0. Without solving the equation,
find the values of:

aa+f b a?x 3
c é*_% d o*+ @ m Try expanding (o + 3)*.

4 The roots of a quadratic equation ax? + bx + ¢=0are ¢ =2 and = -3.
Find integer values for ¢, b and c.

5 The roots of a quadratic equation ax? + bx + c=0are a = —% and g = -%
Find integer values for ¢, b and c.
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6 The roots of a quadratic equation ax’> + bx + c=0are a =
Find integer values for @, b and c.

7 One of the roots of the quadratic equation ax® + bx + c=0isa=-1 - 4i.
a Write down the other root, 5.
b Given that @ = 1, find the values of b and c.

@ 8 Given that kx? + (k — 3)x — 2 = 0, find the value of k if the sum of the roots is 4.

@ 9 The equation nx? - (16 + n)x + 256 = 0 has real roots a and —a. Find the value of n.

@ 10 The roots of the equation 6x? + 36x + k = 0 are reciprocals of each other. Find the value of k.
® 11 The equation mx? + 4x + 4m = 0 has roots of the form k and 2k. Find the values of m and k.

@ 12 The equation ax® + 8x + ¢ = 0, where @ and c are real constants, has roots & and a*.
a Given that Re(a) = 2, find the value of a.
b Given that Im(e) = 3i, find the value of ¢.

(P) 13 Thecquation 4x? + px + g = 0, where p and ¢ are real constants, has roots o and a*.
a Given that Re(a) = -3, find the value of p.
b Given that Im(c) # 0, find the range of possible values of g.

ANSWERS
Exercise 4A
1 a - b -3 ¢ I d 2
2 al b 1 ¢ 3 d —5
3af bi 3 4%
4 a=1,b=1,c=-6
5 a=6,b=5¢c=1
6 a=2,b=2,¢c=1
7 a -1+4 b b=2,¢=17
g8 3

5
9 -16
10 6

5

11 k:@anclmz-z‘s—zork=—».@a.ndm=¥
12 a -2 b -26

13 a 24 b g>36
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1 «, and ~ are the roots of the cubic equation 2x* + 5x2 - 2x + 3 = 0. Find the values of*

aa+f+y b aBy ¢ af+ By + o d %+%+%

2 a, F and - are the roots of the cubic equation x* + 5x? + 17x + 13 = 0. Find the values of:

aa+f+y b afy ¢ af+ 8y +a d o?fy

3 o, fand « are the roots of the cubic equation 7x? — 4x? — x + 6 = 0. Find the values of:

a a+F+v b afy ¢ a’fy? d %-Iw-é‘-i-%

4 The roots of a cubic equation ax® + bxl+ ex+d=0are o = % = L and v=1.
Find integer values for a, b, ¢ and d. -

5 The roots of a cubic equation ax® + bx? + ex+d=0area=1+3i,F=1-3iand v =%

Find integer values for @, b, ¢ and d.

6 The roots of a cubic equation ax?® + bx? + ex + d = O are v = % g= —% and v =
Find integer values for @, b, ¢ and d.
7 The cubic equation 16x* — kx? + 1 =0 has roots o, 3 and ~.
a Write down the values of a3 + 3y + ya and af.
b i Given that o = /3, find the roots of the equation.
ii Find the value of L.
8 The cubic equation 2x? — kx? + 30x — 13 = 0 has roots a, 3 and .

a Write down the values of a3 + 37 + ya and afv, and express & in terms of
o, §and 7.

__b Given that o = 2 - 3i, find the value of k.

9 The cubic equation x* — mx + n = 0 has roots 1, -4 and c.
a State, with a reason, whether a is real.
b Find the values of m, n and «.

10 The cubic equation 2x3 = 10x? + 8x — k=0 hasaroot at x =3 — 1.
a Find the other two roots of the equation.
b Hence find the value of k.

(2 marks)

(5 marks)
(1 mark)

(3 marks)
(4 marks)

(1 mark)
(4 marks)

(4 marks)
(2 marks)

11 The cubic equation x? — 14x? + 56x — 64 = 0 has roots o, ke and k2o for some real constant k.

Find the values of a and &.

12 Given that the roots of 8x* + 12x? —ex + d =0 are a, % and a -4, find @, cand d.

(5 marks)

(5 marks)

13 Given that the roots of the cubic equation 2x* + 48x? + cx + d =0 are o, 2a and 3a, find the

values of o, ¢ and d.

ANSWERS

Exercise 4B

1 a -3 b 3 ¢ -1 d £

2 a -5 b -13 c 17 d 169

3 a i b -$ c -2 d 1

4 a=4,b=-12,c=11,d=-3

5 a=2,b=-5¢=22,d=-10

6 a=16,b=-4,c¢=-32,d=15

7 a af+Py+ya=0,a8y=-%
bia=}8=f7=— i 12

8 a af+By+ra=15afy=2k=20+8+7 b 9

9 a Yes - there are two other real roots, so o* couldn’t

also be a root.
b m=13,n=12,a=3
10 a -land3+i b -20
11 a=2andk=20ra=8andk=%
12 a=1,¢=32,d=12
13 a=-4,¢=352,d=768

(5 marks)



Exercise @

| N 5 A
4 \f:, oy f g t;‘ ¢ roots of the quartic equation ANSWERS
A X 2X° — -\—_4=0.W. . " i
find the values of: ithout solving the equation, m izl Exercise 4C
N ALY 1 a -3 b 1 5 5
a a+f+y+4 I / T = c d &
g ¥ b c;ﬂ+la'y+a6+ﬂ'y+ﬁd+76 B0 o) o0 oy 2 a -2 b3 i T
By + afd + avé + By d E+E+%+% Bd d 1 e 1 z
2 0,8,y ; : 3 a -3 b 2
@, £,y and ¢ are the roots of the quartic equation 2x* + 4x3 — 3x2 = x 4+ 2 = . al . i c 1
a a+B+y+6 oo x* — x + 2= 0. Find the values of: s 5
d +a’7+06+ﬂ":"+65+’)’6 c ():ﬁ'y{-aﬁ& ~ c 4 a -7 b i c -4
apys PR V) G +ayd + Byo 4 o2 ;
g g 3 3
3 o, and § are the roots of the quartic e nation ¥4+ 3x3 + 23t —x+4=0. =
Fifd:hevaluesof' ! 4 5 a=12,0=40,c=25d=-20,e=-12
: 6 a=6b=-11,c=9,d=4,e=-2
aa+f+y+d b af + ay+ b+ By + G0+ 0 ¢ afy+afi+ayd+ B0 7 a=72.b=-102 c=-25d=53,e=~-12
d af~yd e @80 ' 8 x=1,350r7
9 x=111lg L
d"-l's 16
4 @, B, ~and § are the roots of the quartic equation Txt+ 6x2 = St +4x +3=0. 10 a #% b m=-60,n=45
Find the values of:
aa+f+y+d b af+ay+ad+ Py + B +0 ¢ afy+afi+ayd+ G0 11 a 2 b d=-494, e =420
1,111 3 AIa3 53 122 a+f+B+D)+B-D=F=4a+40+5=0
dats*y"s e aB0 af(3 + DB -1)=10af="2 = 4a8-1=0
b -1,-}3+1,3-i,p=11,9=44
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5 The roots of a quartic equation ax* + bxttexl+de+e=0area=-3

3 c Im
Find integer values for @, b, ¢, dande. 34+
6 The roots of a quartic equation ax* + bit+ext+dx+e=0area= —-.,E, f= % ~y=1+iand a1 -3
5=1—i. Find integer values for 4, b ¢ dande. 0 e
7 The roots of a quartic equation ax* + had + ex2+ dx + e = 0 are such that Da = }—; Do = -E%, |\3_ i

Tafy= —% and afyd = —;'.;, Find integer values for a, b, ¢, d and e.

(%}

1 o5 03 152 ot

8 The quartic equation x*— 16x* + 86x7 — 176x + 105 = 0 has roots &, a + k, o + 2k and o b “a0=0
o + 3k for some real constant k. Solve the equation. (7 marks) e 2 i
1+3i
2
9 The quartic equation 30725 — 28807 + 840x% - 90x + 3 =0 has roots a, ra, ria and o for
some real constant r. Solve the equation. (7 marks)
& ] 2 R
10 Three of the roots of the quartic equation 40x* + 90x* - 115x + mx +n=0Oare 1, -3and ! °
a Find the fourth root. (2 marks) Lo

b Find the values of m and n. (4 marks)

11 The quartic equation 2x4 — 34x3 + 202x? + dx + ¢ = 0 has roots @, a + 1,2a+land3a+ 1.

a Find . (2 marks)

b Find the values of d and e. (4 marks)
12 The equation 4x* — 19x7 + px* +¢x + 10=0,x€C,p g€ R, hasroots o, 5,7 and 4.

Given that v=3 +iand § =%,

a show that 4o + 48 + 5= 0and that daf-1=0. (2 marks)

b Hence find all the roots of the quartic equation and find the values of p and g. (5 marks)

¢ Show these roots on an Argand diagram. (3 marks)
13 A guartic equation 6x* - 1053 + 3x2 + 6x — 40 = 0 has roots o, 3, vyand 4.

a Show that 1 ;3] is one root of the equation. (3 marks)

b Without solving the equation, find the other roots. (5 marks)

(3 marks)

¢ Show these roots on an Argand diagram.



Exercise

;

1

A quadratic equation has roots a and 3. Given that a + § = 4 and af = 3, find:

a é—,+—1- b o’ c o?+ d o?+3

8

A quadratic equation has roots o and 3. Given thata + 8= —% and aff = %, find:

aé+—;- b 262 ¢ a2+ P d of+
A quadratic equation has roots a and 3. Given that o + B = % and af = -—%, find:
a (a+2)(B+2) b (a-4)(5-4) ¢ (@?+ 1)F+1)

A cubic equation has roots a, 5 and 7. Given that a + B+v=2,a8+ PBv+vya=-3and afy=4,
find:

aé+%+—1,)7 b o2+ 3+ ca?+FP+ d (af)® + (B + (ya)?
A cubic equation has roots «, 8 and v. Given that Yo = %, Yaf = —% and a3y = %, find:
ablz+%+% b a2+ 3+~ c P+ +7 d o35

A cubic equation has roots a, 8 and . Given thata + 8+ 7= —%, af+ By+ya= % and
afy= —%, find:

a (a+2)(B+2)(v+2) b (a-3)B-3)(v-3) ¢ I-a1-51-7)
d (af) + (B7) + (ye)? e (af) +(B7) + (ya)’

A quartic equation has roots e, 8, y and é. Given that o + B+vy+d=3,
afB+ay+ad+fy+B5+8 =5, afy+afd +ayd + fyd=—4 and af3véd = -2, find:

a —31 +—15,+—~1 +—(15 b a2+ B+ +8 ¢ affiytdt
8 A quartic equation has roots o, 3, v and i =1 ;
, 3, vand 4. Given that Za =7, Yaf = —3 s
i %’ ey 3 2af = -7, Lafy 5 and
I 1 1 1
A gtgtyts b o+ 3+~ + & c a’FPpH

10

11

d (aB) +(67) + (va) + (v0)* + (ad)? + (B0)?
e (af)® + (afd) + (ayd)* + (610)

A quartic equation has roots e, 3, v and §. Given that Lo, = —2 l .
s s . AT Yaf = -1 by =%
afyd = % , find: » e DAL
a (a+ D@+ DEy+1)5+1) b 2-a)2-2)2-7)2-06)
The roots of the equation x> — 6x2 + 9x — 15 =0 are o, 3 and .
a Write down the values of o + 3 + v, a8 + #v + ya and a3y. (1 mark)
b Hence find the values of:
CoLl, 11
i 3 +ﬁ+’Y (2 marks)
i o+ 2 +42
(2 marks
iii (a-1)(B-)(y-1) 3 marks;
The roots of the equation 2x3 + 4x? + 7= 0 are o, § and .
a Write down the values of a + 3+ 7, a3 + 87 + yo and a3y. (1 mark)
b Hence find the values of:
f, a; -I; Lz- + 2 (2 marks)
i o’Fy (2 marks)

iii (a+2)(B+2)(v+2) (3 marks)



12 Show thatad + B+ =(a+B+7) - 3a+ B+ )b+ B + ya) + 3a3y.
13 The roots of the equation 3x* — px + 11 =0 are «, F and .

a Given that af + 3y + ya = 4, write down the value of p. (1 mark)
b Write down the values of a + 3 + v and a57. (1 mark)
¢ Hence find the value of (3 — @)(3 - 5)(3 - 7). (3 marks)

14 The roots of the equation x* + 2x? - x + 3 = 0 are a, 4, v and 6.

a Write down the values of Lo, Saf, Safy and af7ys. (1 mark)

b Hence find the values of:
1 1 1 1

i Q+E+-,]—,+E (3 marks)
i o+ 2+ + 62 (3 marks)
il (a+D)@E+ D+ DG +1) (3 marks)
15 The roots of the equation ax*+ 3x3 + 2x2 + x — 6 = 0 are v, 3, v and 6.
a Given that a5vd = -3, write down the value of a. (1 mark)
b Write down the values of o, ¥af and Lafy. (1 mark)
1 1 1 1
¢ Hence find the value of g 3 N+ 5 (3 marks)

16 Prove that if a quartic equation has roots o, 3, v and & then a2 + B2+ 42+ 82 = (Za)? - 28ap.

ANSWERS

Exercise 4D

1 a i b 9 c 10 d 28
9 65
2 a -3 b c 3 d&
3 a ¥ b 2 ¢ 81
4 a -3 b 10 ¢ 38 d =7
59 87 1
5 a 3 b 1 ¢ 5 4 3 23
: 3 a2
6 a I b -5 ¢ 32 d 2 g B
7 a 2 b -1 ¢ 16
7 6 823 51
ol _2% b 3 ¢ 2_; d 3% e 3
23 5
10 a a+,8+~,-=6,0-(3+‘3—},+70‘.=9’0.‘3.,,=15
bi? i 18 iii 11 )
11 a a+|8+’)'=—2'a|8+67+7a=0'0:I3,),=__é
b i4 ii _3:73 ii __;_

12 (a+B8+vP=la+ 3+ + F#+4° + 2al + Gy +72))
=at+ P+ +al@+ )+ B+
+ (a2 + 3 + 2(a + F + af + fy + y0)
(a+ 8+ v)Naf + By + ya)
= o203 + o + oy + Yo + Py + P8 + 3afy
= a(f + 9 + fla? + 43 + yla® + 89 + 3aBy
@+B8+7P=a+ P+ + 3+ 8 +1)af + By +va)

- 3afy
B+ P+3=(a+B+P -3+ G+l + By +ya)
+ 3afy
13a -12 b a+B+7y=0,a8y=-% c 12
14 a Ya=0,Y>08=2>afy=1,a8yw=3
b iy i —4 iii 7 1
15 a 2 b Za:—%,Za,ﬁ=],Z&ﬁ7=—% c 3

16 (Ya) =(a+4+7+0)
=i+ P+ + +22(a,3 4+ By + 6 + ay + 35 + ad)
s+ B+ +8=>a) -20F+ By +6+ay+ 38
+ ad)



Exercise @

1 The cubic equation x3 — 7x2 + 6x + 5 = 0 has roots a, B and 7.

Find equations with roots:
a (a+1),(B+1)and (y+1) b 2a, 23 and 2y

2 The cubic equation 3x* - 4x2 - 5x + 1 = 0 has roots a, 3 and ~.

Find equations with roots:

a (a_3)’(ﬁ—3)and(7—3) b—q,éandz
2*.2 2
3 The cubic equation x3 — 3x2 + 4x — 7 = 0 has roots a, § and 7.
Without solving the equation, find the equation with roots (2 + 1), (20 + 1) and (2 + 1).
Give your answer in the form aw?® + bw? + cw + d = 0 where a, b, c and d are integers to be
determined. (5 marks)
4 The cubic equation x3 + 4x2 — 4x + 2 = 0 has roots a, § and 7.
Without solving the equation, find the equation with roots (2a — 1), (23 - 1) and (2v-1).
Give your answer in the form w? + pw? + gw + r = 0 where p, g and r are integers
to be found. (5 marks)
5 The cubic equation 3x3 — x> + 2x — 5 = 0 has roots o, § and 7.
Without solving the equation, find the equation with roots (3a + 1), 35 + 1) and (3 + 1).
Give your answer in the form aw? + bw? + ew + d = 0 where a, b, ¢ and d are integers to be
determined. (5 marks)
6 The quartic equation 2x* + 4x3 — 5x? + 2x — 1 = 0 has roots , 3, v and 4. Find equations with
integer coefficients that have roots:
a 3a,38.3yand35 b (a-1),(3-1),(y-1)and (6-1)
7 The quartic equation x* +2x3 = 3x>+4x+5=0 has roots a, 3, v and 0.
Without solving the equation, find equations with integer coefficients that have roots:
a 2o, 2f,2yand 24 (6 marks)
b (a-2),(8-2),(y—2)and (6 -2) (6 marks)
8 The quartic equation 3x* + 5x* = 4x? - 3x + 1 = 0 has roots c, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:
a 3a, 30, 3vyand 36 (6 marks)
b (a+1),(B+1),(v+1)and (6 + 1) (6 marks)
ANSWERS
Exercise 4E
1 a w-10u+23w-9<0 © @ 2w'+12w’-45u?+54w-81=0
b w® - 14w+ 24+ 40 =0 b 2w*+ 12w + 1902 + 12w + 2=0
2 a 3wl+23w+52w+31=0 7 a w'+4w-12u”+ 32w +80=0
b 24w -16w* - 10w +1=0 b w'+ 10w’ + 33w? + 48w + 33 =0
3 w-9uw?+31lw-79=0
4 w+11lw*+3w+9=0 § a w‘4+5w33—12121)2—27w+27=0
5 w'-dw?+1lw-53=0 b 3w!-Tw-w*+8w-2=0



Mixed exercise

1

10

11

12

The roots of a quartic equation ax* + bx* + ¢x? + dx + e =0 are a = é B=—57= —% and ¢ = —%
Find integer values fora, b, ¢, d and e

The cubic equation x* + px2 + 37x — 52 = 0 has roots «, 4 and v.
a Write down the values of o3 + 5y + ya and afy, and express p in terms of o, 3 and . (3 marks)

b Given that @ =3 - 2i, find the value of p. (4 marks)
The cubic equation 2x* + 5x2 — 2x + ¢ =0 has a oot at x = =2 + i,

a Find the other two roots of the equation. (4 marks)
b Hence find the value of ¢. (2 marks)

The quartic equation x* — 40x? + 510x2 — 2200x + 1729 = 0 has roots a, & + 2k, o + 4k and
@ + 6k for some real constant k. Solve the equation. (7 marks)

Three of the roots of the quartic equation 24x* — 58x* + 17x? + dx + e = 0 are 21, —% and 2.
a Find the fourth root, (2 marks)
b Find the values of 4 and e. (4 marks)

The equation x* + 2x3 + mx? + nx + 85= 0, x € C, m, n € R, has roots a, 3, and §.
Given that « = -2 +iand 4 = a*,

a showthaty+4d-2=0and that 7§ - 17 = 0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of n7 and . (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

A quartic equation 4x* — 16x> + 115x? + 4x — 29 = 0 has roots e, 3, v and 4.

a Show that 2 — 5i is one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

The roots of the equation 2x* - 5x2+ 11x —9 =0 are a, Fand ~.

a Write down the values of @ + 8+ v, a8 + 7 + va and afy. (1 mark)
b Hence find the values of:
s 1 1 1
i 5*,5*7 (2 marks)
i a2+ 3+2 (2 marks)
i (a-1)B-1)-1) (3 marks)
The roots of the equation px* + 12x> + 6x2 + 5x = 7= 0 are a, 3, y and 6.
a Given that afyd = -1, write down the value of p. (1 mark)
b Write down the values of Sa, o and Say. (1 mark)
¢ Hence find the value of a2 + 32 + 4% + 62. (3 marks)

The roots of the equation 5x? + ¢x + 21 = 0 are o, # and 7.

a Given that a3 + 8y + ya = —6, write down the value of c. (1 mark)
b Write down values for a + 3 + v and af7y. (1 mark)
¢ Hence find the value of (1 — a)(1 = B)(1 = ). (3 marks)

The cubic equation 2x3 + 5x2 + 7x — 2 = 0 has roots a, 3 and .
Without solving the equation, find the equation with roots (3a + 1), B8+ !) and 3y + 1).
Give your answer in the form pw?® + gw? + rw + 5 = 0 where p, ¢, r and s are integers

to be found. (5 marks)

The quartic equation 6x* — 2x3 — 5x? + 7x + 8 = 0 has roots a, 8, g and ¢.

Without solving the equation, find equations with integer coefficients that have roots:
a 2a, 20, 2y and 26

b Ba—2),(38-2),(3y—2)and (30 - 2) (6 marks)

(6 marks)



ANSWERS

Mixed exercise 4

1
2

3
4
5

a
b
a

a=250,b6=325,¢=110,d=-7,e=-6

af+By+ya=37,aBy=52,p=-a- 8-~
-10
-2-i,3 b -15

x=1,7,13 or 19

a
b
a

b
c

b
c

3

d=7,e=-2
F2+D)+(-2-D+y+0=-2=2>v+6-2=0
(2+)(-2-i)W0=85=5v=85=v9-17=0
Roots: -2 1,1 +4i; m= 14, n =58

Mt o4 &
-2 +1i
Re
-2-1i
1-4i
7 a 4(2-50)*-16(2- 50 + 1152 - 51* + 4(2 - 5i)) - 29 =0
2 + 5i, 2
Imlr
5 I
|
i
1
-
050 2 Re
i
1
|
]
-5
, _5 _11 9
a ﬂ+ﬁ+“}'—§,aﬁ+lﬂ";f+'ycr—?,crﬁ’r=§
b i il i -2 iii £
a7 b Ya=-2YaB=%3afy=-3
a -30 b a+ﬁ+}f=ﬂ,aﬁ7=—%1—

10
11
12

27 + 9w* + 39w -104 =0
a 3w -2 -10w?+28w+64=0
b 2w+ 14w’ + 21w + 43w + 298 =0

C
C

el 8IS



