Roots of Polynomials

A quadratic equation of the form ax? + bx + ¢ =0,
x € C, where g, b and c are real constants, can
have two real roots, one repeated (real) root or
two complex roots.

If the roots of this equation are azand 3, you can determine the relationship between the
coefficients of the terms in the quadratic equation and the values of « and

3)
=a(x* — ax - Bx
=ax®—ala + B)x + aaf

axt+bx+c=alx—-a)lx -

Sob=-al(a+ f) and c = aaf.
m If o and 3 are roots of the equation

ax?+ bx + ¢ =0, then:
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@ The sum of the roots is —é and the product
of the roots |s 7 Note that these values are real
even if the roots are complex, because the sum
or product of a conjugate pair is real.
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+af) I Write the quadratic expression in factorised form,

then rearrange into the form ax? + bx + c.
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The roots of the quadratic equation 2x2 — 5x — 4 = 0 are « and 8. Without solving the equation,

find the values of:
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Problem-solving

Write each expression in terms of a + #and a/3:
(a+PPR=a?+F+20B =+ F=(+P)°—203



; ; 3 5
The roots of a quadratic equation ax? + bx + c=0area=-3 and =73

Find integer values for ¢, b and c.
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Roots of a cu

bic equation

A cubic equation of the form ax® + bx? + cx + d =0,

x € C,whereq, b, c and
always have at least one

d are real constants, will
real root. It will also have

either two further real roots, one further repeated
(real) root or two complex roots.

If the roots of this equation are o, 8 and ~, you can determine the relationship between the

coefficients of the terms in the cubic equation and the values of a, §and :

ax* +bx:+cx+d

=alx - a)(x - f)(x —7)

= a(x?® — ax? — fx? — yx% + afx + fyx + yax — af7)
=ax? —ala + B + y)x% + alaf + By + ya)x — aafy

Sob=-ala+ B +17),c=al@f+ fvy+~ya) and d = —acf3y.
m If o, 3 and  are roots of the equation ax? + bx? + cx + d = 0, then:

= a+B+7=—%
c
* af+By+ya=_

. aﬂ'r=—%

< Slm ) 7C fOO{{
& Sum of pairs

<~ produfs

@ As with the rule for quadratic equations,

the sum of the roots is —

g, and the sum of the

products of all possible pairs of roots is%




a, B and ~y are the roots of the cubic equation 2x? + 3x2 — 4x + 2 = 0. Without solving the equation,
find the values of:

aa+f+y b af+ [y +a c afy dzlg+%+%
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The roots of a cubic equation ax3 + bx> + cx+d=0area=1-2i,3=1+2iand y=2.
Find integer values for «, b, ¢ and d.
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Roots of a quartic equation

Consider the quartic equation ax* + bx> + ex? + dx+e=0,x € C, where a, b, ¢, d and e are real
numbers. If the roots of the equation are o, 3,y and ¢, you can determine the relationship between
the coefficients of the terms in the equation and the values of a, 8, vand &

axt + bxd + ext + dx + e = alx — a)(x = B)(x — ) (x - 0)
= a(xt — ax® — Bx3 — x3 — 833 + a3x? + Byx? + yax? + yox* + adx?
+ B6x2 - affyx — afdx — arydx — By0x + afy0)
=ax“—a{cx+/8+7+5)x3+a(aﬁ+,6’*y+*ya+'y5+aé+ﬁ§)x3
~alafBy + a 36 + ayd + By8)x + aafyé
Sob=—-ala+F3+7y+9), C=a(a,6'+ﬁ’y+’}'az+’y5+a5+ﬁ5),d=—d(a,€5"y+aﬁ5+a’yc5+ﬁ’)/6} and
e = aa,f~90.
m If o, 3, v and § are roots of the equation ax* + bx3? + cx? +dx + e=0, then:

. a+ﬁ+‘r+5=‘% & Sum "%ﬁ%éf

¢ aftay+ab+BY+BIYE =G S Sum oF iy

. aﬁ7+aﬁ¢5+a'}f§+,@7§=-—g < Sum 075 %fip/éf
-

* afvé=- @P@p{w/'éf

m You can use the following

abbreviations for these results in your working:

b C d
EO,’=—E Yo =a- Zaﬂ’}f:_a



Example o

The equation x* + 2x3 + px2 + gx - 60 = 0, x € C, P, q € R, has roots o, 3, v and 4.

Given that v = -2 + 4i and § = ~*,

Y M//M% s ﬂe(afjuyafé of & o, § =24,

a show that o+ § -2 =0and that a8 + 3 = 0.
b Hence find all the roots of the quartic equation and find the values of pand gq.
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Expressions relating to the roots of 3 polynomial

You have already seen several results for finding the values of expressions relating to the roots of a
polynomial.

m The rules for reciprocals:

- 1.1 «*f
Quadratic: Tl 3
. 1 1 1_oB+By+qa
Cubic: a+5+§- By
i 1.1 1 1 _oBy+Bv+~da+d6af

. rtic —+=-+-+==

Quartic a+B+’7+6 @B

m The rules for products of powers:

* Quadratic: a’x G" = (o)
* Cubic: ax 3" x y" = (afy)"

* Quarticc a”xfrx v x §n = (aB~vo)"
In addition to these you have also used the following results for the roots of quadratic equations:
* ?+F=(a+P)?-208
* @+ FP=(a+p)’-30b+f)

There are equivalent results to these for the roots of cubic and quartic equations.

Example

a Expand (a + 3 + )2

b A cubic equation has roots @, 3, v such that a3 + By+ya=Tand a+ 8+ =3,
Find the value of a? + 32 + 2.

7 @ fﬁ%))"‘:(ld +ﬂ*3)(°4 7%»& (b) % ilﬁzqu 8/3’64 ﬂ+3)1~2(«>/ﬂmd 0y

(A
=X LBy s P + Bl By = (D) — e,
+ ¥ ¥ Bay =14
=By LU (freid BY) =5

i ion i imilar way, by
You can find an expression for the sum of the squares of a quartic equationinas y

multiplying out (a+ 5+ + )% @ If you learn these

m The rules for sums of squares: you can use them without
« Quadratic: a?+ 2= (a+P)? -2 proof in your exam.
+ Cubic: a2+ @ +y2=(a+ B+ -2(af+PBy+x)

8
Quartic: a2+ﬁ2+72+62=(a+ﬁ+'y+6)z—2(aﬁ+a’7+a6+[3‘y+ﬁ5+'y )

: m sult for the sum of cubes
B . irl B) fora J::rtrii equation is not required.
ic: 3+ =(a+0)?-3afla+
e Quadratic: a°+

Cubicc a?+@+y*=(a+B+7)’- 3(a+ﬁ+7)(aﬁ+ﬁ’y+’ya)+3aﬁ’y
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Linear transformations of roots

Given the sums and products of the roots of a polynomial, it is possible to find the equation of a
second polynomial whose roots are a linear transformation of the roots of the first.

For example, if the roots of a cubic e

quation are a, F and v, you need to be able to find the equation
of a polynomial with roots (o + 2),

(B+2) and (y + 2), or 3¢, 33 and 3.

FETE e Problem-solving

' ; ‘ “a, the pair sum
i i 3 _ 952 + 3x — 4 = 0 has roots a, 3 and T
I ic equation x?* — 2x* + 2 | ' . raun
;::dcalbe eq?lations of the polynomials with roots: Saf an d ﬂ? 3 p";fi‘; cnt ? t’?e’n
2a, 23 and 2 b (a+3),(8+3)and (y+3) the original equation.
a 2a,

use these values to find the
equivalent sums and products
for an equation with roots 2¢,

23 and 2.
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The quartic equation x* - 333 + |5y + | = 0 has roots a, 3, y and 6. Find the equation with roots
(2a+1),(28+1),(2y+ 1) and (20 + 1).
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*Exercise 4E (9 L }/j/ 2

*Mixed Exercise 62}2/4/2/@ //




Summary of key points

1 Ifaand 3 are roots of the equation ax2 + bx + ¢ = 0, then:
s a+f= --g
¢ af= %

2 If @, 8 and « are roots of the equation ax? + bx2 + cx + d = 0, then:
. a+[3+7=2a=—g
* af+fBy+ya=3al=
Giskye

3 Ifa, B, yand é are roots of the equation ax* + bx? + cx? + dx + e = 0, then:

Qn

 atfty+i=Sa=-L

. aﬁ+a'y+a6+ﬂ'y+ﬁ6+'y<5=zaﬁ=§

* afy+afd+ayd + fyd = Safy = -g
 api=t
4 The rules for reciprocals:
; 1.1 sl
* Quadratic: =4 —==
e a’yg af
* Cubic: l+l+l=aﬁ+ﬁ7+7a
g afy
o1 1 1 1 afy+ Py +yéa+daf
* Quarticc —+—=+-4+==
Q &8 NS avf3vo
5 The rules for products of powers:
* Quadratic: a" x 3" = (af)"
* Cubic: " x 3" x " = (afy)"

* Quarticc a”x 8" x 4" x §n = (o)

6 The rules for sums of squares:
* Quadratic; al+# =(a+p)?2-2a8
* Cubic: az+,82+73=(a+;3+7)2—2(a,8+ﬂ7+7a)
* Quarticc a?+ 82 +42+ 62 = (@+B+7+8)%-2(af+ay + ad + By + 36 + +0)

7 The rules for sums of cubes:
* Quadratic  a’+ @B =(a+ 073 - 3aBla+ 93
* Cubic: @+ +y3=(a+ 6+ W =3la+ B+ + By +ya) + 3afy



